
New Exact Solutions of Wave and Heat Equations via Andualem and 

Khan Transform
 

MULUGETA ANDUALEM1,*, ILYAS KHAN2, ATINAFU ASFAW3 
1,3Department of Mathematics, Bonga University, Bonga, Ethiopia 

2Department of Mathematics, College of Science Al-Zulfi, Majmaah University, 
Al-Majmaah 11952, SAUDI ARABIA. 

 
Abstract: Recently, Andualem and Khan introduced a new integral transform method known as AK 
transform (AKT) to solve partial differential equations. Therefore, in this article, we use AKT to solve 
some partial differential equations. More exactly, waves and heat equations are solved for new exact 
solutions and after transformation, the results are obtained and plotted. The two counter examples 
considered in this work, are quite important in terms of engineering and sciences applications. 

Keyword: AK transform, Wave equation, Heat equation, Exact solution
Received: June 16, 2021. Revised: September 13, 2022. Accepted: October 24, 2022. Published: November 11, 2022.

 

 

1. Introduction 

An equation that consists of derivatives of 
unknown function is called a differential 
equation.  Differential equations have 
applications in all areas of science and 
engineering.  Mathematical formulation of most 
of the physical and engineering problems lead to 
differential equations. Partial differential 
equations are mathematical formulations of 
problems involving two or more independent 
variables. Most of the problems that arise in the 
real world are modelled by partial differential 
equations. Partial differential equations arise in 
all fields of sciences including Physics, 
Chemistry and Mathematics [1-4]. 

In order to solve the differential equations, the 
integral transform was extensively used and thus 
there are several works on the theory and 
application of integral transform such as the 
Laplace, Fourier, Mellin, and Hankel, Fourier 
Transform, Sumudu Transform, Elzaki 
Transform and  ZZ transform Aboodh 
Transform[5,6, 7]. New integral transform, 
named as AK Transformation [8] introduce by 
Mulugeta Andualem and Ilyas Khan [2022], AK 
transform was successfully applied to fractional 
differential equations. In this section we will 
discuss the solution of we discuss the exact 

solution of some well-known partial differential 
equations with constant coefficient used in the 
fields of Engineering and Sciences with the help 
of AK transform.  

 

AK Transform 

A new transform called the AK Transform of 
the function 𝑦(𝑡) belonging to a class 𝐴, where: 

𝐴 = { 𝑦(𝑡): ∃ 𝑁, 𝜂1, 𝜂2 > 0, |𝑦(𝑡)| < 𝑁𝑒
|𝑡|
𝜂𝑖 , 𝑖𝑓 𝑡

∈ (−1)𝑖  × [0 ∞) } 

The AK transform of 
𝑦(𝑡) denoted by 𝑀𝑖[𝑦(𝑡)] = 𝑦̅(𝑠, 𝛽) and is 
given by: 

             𝑦̅(𝑠, 𝛽) = 𝑀𝑖{𝑦(𝑡)}

= 𝑠 ∫ 𝑦(𝑡)𝑒
−

𝑠
𝛽

𝑡
 𝑑𝑡

∞

0

                          (1) 
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Table 1: AK Transform of Some Basic 

functions 

𝑓(𝑡) 𝑀𝑖(𝑓(𝑡) 
𝐶 (constant) 𝐶𝛽 

𝑡𝑛 
Γ(𝑛 + 1)

𝛽𝑛+1

𝑠𝑛
 

𝑒𝜆𝑡 𝑠𝛽

𝑠 − 𝜆𝛽
 

cos 𝑡 𝑠2𝛽

𝛽2 + 𝑠2
 

 

To obtain AK transform of partial derivatives 
we use integration by parts as follows: 

𝑀𝑖 [
𝜕𝑓(𝑥, 𝑡)

𝜕𝑡
] = 𝑠 ∫

𝜕𝑓(𝑥, 𝑡)

𝜕𝑡
𝑒

−𝑠
𝛽

𝑡
𝑑𝑡

∞

0

= 𝑠 lim
𝜂→∞

∫ 𝑒
−𝑠
𝛽

𝑡

𝜂

0

𝜕𝑓(𝑥, 𝑡)

𝜕𝑡
𝑑𝑡 

                        = lim
𝜂→∞

(𝑠[𝑒
−𝑠
𝛽

𝑡
𝑓(𝑥, 𝑡]0

𝜂

+
𝑠2

𝛽
∫ 𝑒

−𝑠
𝛽

𝑡

∞

0

𝑓(𝑥, 𝑡)𝑑𝑡) 

= −𝑠𝑓(𝑥, 0) +
𝑠

𝛽
𝑓(̅𝑥, 𝑠, 𝛽)           

                                     

=
𝑠

𝛽
𝑓(̅𝑥, 𝑠, 𝛽)

− 𝑠𝑓(𝑥, 0)                              (2)                

Next, to find 𝑀𝑖 [
𝜕2𝑓(𝑥,𝑡)

𝜕𝑡2 ], let 𝜕𝑓(𝑥,𝑡)

𝜕𝑡
= 𝑙(𝑥, 𝑡) 

then by using equation (2) we have 

𝑀𝑖 [
𝜕2𝑓(𝑥, 𝑡)

𝜕𝑡2
] = 𝑀𝑖 [

𝜕𝑙(𝑥, 𝑡)

𝜕𝑡
]

= 𝑀𝑖 [
𝜕𝑙(𝑥, 𝑡)

𝜕𝑡
] − 𝑠𝑙(𝑥, 0) 

                     =
𝑠

𝛽
(

𝑠

𝛽
𝑓(̅𝑥, 𝑠, 𝛽) − 𝑠𝑓(𝑥, 0))

− 𝑠
𝜕𝑓(𝑥, 0)

𝜕𝑡
 

=
𝑠2

𝛽2
𝑠̅(𝑥, 𝑠, 𝛽) − 𝑠

𝜕𝑓(𝑥, 0)

𝜕𝑡
−

𝑠2

𝛽
𝑓(𝑥, 0) 

2. Application of AK Transform 

for  Partial Differential 

Equations 

AK transform is applicable to solve many real 
life problems. Especially it is useful to solve 
initial-value problems and fractional differential 
equations. Here we can see some applications of 
AK transform for the solution of some well-
known partial differential equations with 
constant coefficient used in the fields of 
Engineering and Sciences.  

Example 1: Find the solution of the first - order 
initial value problem 

𝜕𝑓(𝑥, 𝑡)

𝜕𝑥
− 2

𝜕𝑓(𝑥, 𝑡)

𝜕𝑡
= 𝑓(𝑥, 𝑡),   𝑥 > 0,   𝑡

> 0       𝑓(𝑥, 0)
= 𝑒−3𝑥               (3) 

Solution: Taking the AK transform on both 
sides of Equation of (3) with respect to 𝑡, leads 
to 

𝑀𝑖 [
𝜕𝑓(𝑥, 𝑡)

𝜕𝑥
− 2

𝜕𝑓(𝑥, 𝑡)

𝜕𝑡
= 𝑓(𝑥, 𝑡)] 

Using the differentiation property of AK 
transform we get 

𝑓̅′(𝑥, 𝑠, 𝛽) − 2 (
𝑠

𝛽
𝑓(̅𝑥, 𝑠, 𝛽) − 𝑠𝑓(𝑥, 0))

= 𝑓(̅𝑥, 𝑠, 𝛽) 

Where 𝑓(̅𝑥, 𝑠, 𝛽)is the AK transform of 𝑓(𝑥, 𝑡) 

Substituting the given initial condition, we get 
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𝑓̅′(𝑥, 𝑠, 𝛽) − 2 (
𝑠

𝛽
𝑓(̅𝑥, 𝑠, 𝛽) − 𝑠𝑒−3𝑥)

= 𝑓(̅𝑥, 𝑠, 𝛽) 

                                
⟹ 𝑓̅′(𝑥, 𝑠, 𝛽)

− (2
𝑠

𝛽
+ 1) 𝑓(̅𝑥, 𝑠, 𝛽)

= −2𝑠𝑒−3𝑥                               (4) 

If you consider equation (4), which is linear first 
order differential equation of the form 

𝑦′ + 𝑔(𝑥)𝑦 = 𝑟(𝑥) 

This can be solved using the method of 
integrating factor  

                                                    𝜇(𝑥) =

𝑒∫ 𝑔(𝑥)𝑑𝑥 = 𝑒
− ∫(2

𝑠

𝛽
+1)𝑑𝑥

= 𝑒
−(2

𝑠

𝛽
+1)𝑥

           

Where, 𝜇(𝑥) is integrating factor 

Now, multiplying equation (4) by integrating 
factor we obtain  

𝑒
−(2

𝑠
𝛽

+1)𝑥
 𝑓̅′(𝑥, 𝑠, 𝛽)

− (2
𝑠

𝛽
+ 1) 𝑒

−(2
𝑠
𝛽

+1)𝑥
𝑓(̅𝑥, 𝑠, 𝛽)

= −2𝑠𝑒−3𝑥𝑒
−(2

𝑠
𝛽

+1)𝑥 

⟹
𝑑

𝑑𝑥
(𝑒

−(2
𝑠
𝛽

+1)𝑥
𝑓(̅𝑥, 𝑠, 𝛽))

= −𝑒
−(2

𝑠
𝛽

+1)𝑥
. 2𝑠𝑒−3𝑥  

If you integrate the above result with respect to 
𝑥 and after simple calculation, we get 

𝑓(̅𝑥, 𝑠, 𝛽) =
𝑠𝛽

𝑠 + 2𝛽
𝑒−3𝑥 

Since, the solution can be written in the form of 
𝑓(𝑥, 𝑡) and also 𝑓(̅𝑥, 𝑠, 𝛽) is the AK transform 
of 𝑓(𝑥, 𝑡).  

Therefore, Taking the inverse AK transform of 
the above result to obtain the solution in the 
form of 𝑓(𝑥, 𝑡). 

⟹ 𝑓(𝑥, 𝑡) = 𝑀𝑖
−1[𝑓(̅𝑥, 𝑠, 𝛽)] 

Where 𝑀𝑖
−1 is inverse of AK transform 

                          𝑓(𝑥, 𝑡) = 𝑀𝑖
−1 (

𝑠𝛽

𝑠 + 2𝛽
𝑒−3𝑥)

= 𝑒−3𝑥𝑀𝑖
−1 (

𝑠𝛽

𝑠 + 2𝛽
)  

                               𝑓(𝑥, 𝑡) = 𝑒−3𝑥. 𝑒−2𝑡

= 𝑒−3𝑥−2𝑡                                              

One may readily check that this is indeed the 
solution to the initial value problem. 

⟹ 𝑓(𝑥, 0) = 𝑒−3𝑥−0 =  𝑒−3𝑥    

Therefore, the solution of equation (3) is 

𝑓(𝑥, 𝑡) = 𝑒−3𝑥−2𝑡,         𝑥 > 0,   𝑡 > 0 
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Example 2: Consider initial/boundary value 
problem of heat equation 

𝑢𝑡(𝑥, 𝑡) = 𝑢𝑥𝑥(𝑥, 𝑡),     0 < 𝑥 < 2,
𝑡 > 0                          (5) 

𝑢(0, 𝑡) = 0 = 𝑢(2, 𝑡) 

𝑢(𝑥, 0) = 3 sin(2𝜋𝑥) 

Solution: Applying the AK transform on both 
sides of Equation of (5) with respect to 𝑡, we get 

𝑠

𝛽
𝑢̅(𝑥, 𝑠, 𝛽) − 𝑠𝑢(𝑥, 0) = 𝑢̅′′(𝑥, 𝑠, 𝛽) 

Now, apply the given initial condition 
𝑠

𝛽
𝑢̅(𝑥, 𝑠, 𝛽) − 3𝑠 sin(2𝜋𝑥)

= 𝑢̅′′(𝑥, 𝑠, 𝛽)                                        (6) 

Equation (6) can be also rewritten as non-
homogeneous, second order linear constant 
coefficient equation. 

𝑢̅′′(𝑥, 𝑠, 𝛽) −
𝑠

𝛽
𝑢̅(𝑥, 𝑠, 𝛽)

= −3
𝑠

𝛽
sin(2𝜋𝑥)                                     (7) 

The general solution of the non-homogeneous 
equation is given by the sum of the 
homogeneous solution and the particular 
solution. 

Now, first let us find the general solution of the 
homogeneous part, which means the general 
solution of 

𝑢̅′′(𝑥, 𝑠, 𝛽) −
𝑠

𝛽
𝑢̅(𝑥, 𝑠, 𝛽) = 0 

Suppose the solution is𝑢̅ℎ(𝑥, 𝑠, 𝛽) = 𝑒𝑟𝑥 ⟹
𝑢̅ℎ

′′(𝑥, 𝑠, 𝛽) = 𝑟2𝑒𝑟𝑥 

If we substitute this result to the homogeneous 
equation, we have 

𝑟2𝑒𝑟𝑥 −
𝑠

𝛽
𝑒𝑟𝑥 = 0 ⟹ 𝑒𝑟𝑥 (𝑟2 −

𝑠

𝛽
) = 0 

Since, for any 𝑥 and 𝑟, 𝑒𝑟𝑥 ≠ 0. So, we have 

𝑟 = ±√
𝑠

𝛽
 

Therefore, the general solution of the 
homogeneous problem is 
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𝑢̅ℎ(𝑥, 𝑠, 𝛽) = 𝑐1𝑒
𝑥√

𝑠
𝛽 + 𝑐2𝑒

−𝑥√
𝑠
𝛽 

With the associated conditions 

𝑢̅(0, 𝑠, 𝛽) = 0 = 𝑢̅(2, 𝑠, 𝛽) 

In order to find the constants 𝑐1 and 𝑐2 we use 
the boundary conditions  

0 = 𝑢̅ℎ(𝑥, 𝑠, 𝛽) = 𝑐1 + 𝑐2 ⟹ 𝑐1

= −𝑐2                (∗) 

 𝑢̅ℎ(2, 𝑠, 𝛽) = 0

= 𝑐1𝑒
2√

𝑠
𝛽 + 𝑐2𝑒

−2√
𝑠
𝛽                  (∗

∗) 

Now substitute the value of 𝑐1 in to (**) that we 
obtain from (*) 

0 = −𝑐2𝑒
2√

𝑠
𝛽 + 𝑐2𝑒

−2√
𝑠
𝛽 

⟹ 𝑐2 [𝑒
−2√

𝑠
𝛽 − 𝑒

2√
𝑠
𝛽] = 0 

⟹ 𝑒
−2√

𝑠
𝛽 − 𝑒

2√
𝑠
𝛽 = 0   or 𝑐2 

Since 𝑒
−2√

𝑠

𝛽 − 𝑒
2√

𝑠

𝛽 ≠ 0. Therefore the value of 
𝑐2 = 0, consequently the value of 𝑐1 = 0 

Next, we find the particular solution of non-
homogeneous problem, the particular solution of 
such non-homogeneous problem is given by 
𝐴 cos(𝑏𝑥) + 𝐵 sin(𝑏𝑥). When we come to our 
problem, we have  

𝑢̅𝑝(𝑥, 𝑠, 𝛽) = 𝐴 cos(2𝜋𝑥) + 𝐵 sin(2𝜋𝑥) 

In order to find the constant 𝐴 and 𝐵, we use the 
method of undetermined coefficients 

⟹
𝑑

𝑑𝑥
𝑢̅𝑝(𝑥, 𝑠, 𝛽)

= −2𝜋𝐴 sin(2𝜋𝑥)
+ 2𝜋𝐵 cos(2𝜋𝑥) 

𝑑2

𝑑𝑥2
𝑢̅𝑝(𝑥, 𝑠, 𝛽)

= −4𝜋2𝐴 cos(2𝜋𝑥)
− 4𝜋2𝐵 sin(2𝜋𝑥) 

Therefore 

𝑢̅′′
𝑝(𝑥, 𝑠, 𝛽)

−
𝑠

𝛽
𝑢̅𝑝(𝑥, 𝑠, 𝛽)                                                                                                            

= −4𝜋2𝐴 cos(2𝜋𝑥) − 4𝜋2𝐵 sin(2𝜋𝑥)

−
𝑠

𝛽
[𝐴 cos(2𝜋𝑥) + 𝐵 sin(2𝜋𝑥)] 

                 = (−4𝜋2

−
𝑠

𝛽
) [𝐴 cos(2𝜋𝑥)

+ 𝐵 sin(2𝜋𝑥)]

= −3
𝑠

𝛽
sin(2𝜋𝑥)          

From the above result we conclude that 

(−4𝜋2 −
𝑠

𝛽
) 𝐴 = 0 ⟹ 𝐴

= 0  and (−4𝜋2 −
𝑠

𝛽
) B = −3

𝑠

𝛽
 

⟹ 𝐵 = 3
𝑠

𝛽
(

𝛽

(4𝛽𝜋2 + 𝑠)
) ⟹ 𝐵 =

3𝑠

𝑠 + 4𝜋2𝛽
 

Hence the particular solution is 

𝑢̅𝑝(𝑥, 𝑠, 𝛽) =
3𝑠

𝑠 + 4𝜋2𝛽
sin(2𝜋𝑥) 

Apply inverse of AK transform of the above 
result to obtain the solution  

𝑀𝑖
−1[𝑢̅𝑝(𝑥, 𝑠, 𝛽)]

= 𝑀𝑖
−1 (

3𝑠

𝑠 + 4𝜋2𝛽
sin(2𝜋𝑥)) 

𝑢(𝑥, 𝑡) = sin(2𝜋𝑥) 3𝑀𝑖
−1 (

𝑠

𝑠 − (−4𝜋2𝛽)
) 

= sin(2𝜋𝑥). 3𝑒−4𝜋2𝑡        
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Example 3: Find the solution of 
initial/boundary value problem 

𝑢𝑡𝑡(𝑥, 𝑡) = 𝑢𝑥𝑥(𝑥, 𝑡), 0 < 𝑥 < 𝜋,      𝑡
> 0                                           1.9  

With boundary conditions 

𝑢(0, 𝑡) = 𝑢(𝜋, 𝑡) = 0 

And initial conditions 

𝑢(𝑥, 0) = sin 𝑥 ,   𝑢𝑡(𝑥, 0) = 0,                   

Solution: First applying the AK transform on 
both sides of Equation of (1.9), we get 

𝑠2

𝛽2
𝑢̅(𝑥, 𝑠, 𝛽) − 𝑠

𝜕𝑢(𝑥, 0)

𝜕𝑡
−

𝑠2

𝛽
𝑢(𝑥, 0)

= 𝑢̅′′(𝑥, 𝑠, 𝛽) 

Using initial conditions, we get 

𝑠2

𝛽2
𝑢̅(𝑥, 𝑠, 𝛽) −

𝑠2

𝛽
sin 𝑥 = 𝑢̅′′(𝑥, 𝑠, 𝛽) 

              ⟹ 𝑢̅′′(𝑥, 𝑠, 𝛽) −
𝑠2

𝛽2
𝑢̅(𝑥, 𝑠, 𝛽)

= −
𝑠2

𝛽
sin 𝑥                 2.0   

If we look equation 2.0, which is second order 
linear non-homogeneous differential equation. 
A general solution of the non-homogeneous 
equation is given by in the form 

𝑢̅(𝑥, 𝑠, 𝛽) = 𝑢̅ℎ(𝑥, 𝑠, 𝛽) + 𝑢̅𝑝(𝑥, 𝑠, 𝛽) 

 Now, first let us find the general solution of the 
homogeneous part  

𝑢̅′′(𝑥, 𝑠, 𝛽) −
𝑠2

𝛽2
𝑢(𝑥, 𝑠, 𝛽) = 0 

Suppose the solution is 𝑢̅ℎ(𝑥, 𝑠, 𝛽) = 𝑒𝑟𝑥 ⟹
𝑢̅ℎ

′′(𝑥, 𝑠, 𝛽) = 𝑟2𝑒𝑟𝑥 

If we substitute the above result to the 
homogeneous equation, we have 

𝑟2𝑒𝑟𝑥 −
𝑠2

𝛽2
𝑒𝑟𝑥 = 0 

Since for any 𝑥, 𝑒𝑟𝑥 ≠ 0. We have (𝑟 −
𝑠

𝛽
) (𝑟 +

𝑠

𝛽
) = 0 ⟹ 𝑟 = −

𝑠

𝛽
, 𝑟 =

𝑠

𝛽
 

Therefore, the general solution of the 
homogeneous problem is 

𝑢̅ℎ(𝑥, 𝑠, 𝛽) = 𝑐1𝑒
𝑠
𝛽

𝑥
+ 𝑐2𝑒

−
𝑠
𝛽

𝑥 

 In order to find the constants 𝑐1 and 𝑐2 we use 
the boundary conditions. 

 So, we get 

𝑢̅(0, 𝑠, 𝛽) = 0 ⟹ 𝑐1 +  𝑐2

= 0                                  2.1 

And also 

0 = 𝑢̅(𝜋, 𝑠, 𝛽) ⟹ 𝑐1𝑒
𝑠
𝛽

𝜋
+ 𝑐2𝑒

−
𝑠
𝛽

𝜋

= 0                    2.2 
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From the two result (2.1 and 2.2), we have 𝑐1 =
 𝑐2 = 0 

Assume the particular solution is given by: 

𝑢̅𝑝(𝑥, 𝑠, 𝛽) = 𝐴 cos(𝑥) + 𝐵 sin(𝑥) 

In order to find the constant 𝐴 and 𝐵, we use the 
method of undetermined coefficients 

⟹
𝑑

𝑑𝑥
𝑢̅𝑝(𝑥, 𝑠, 𝛽) = −𝐴 sin(𝑥) + 𝐵 cos(𝑥) 

𝑑2

𝑑𝑥2
𝑢̅𝑝(𝑥, 𝑠, 𝛽) = −𝐴 cos(𝑥) − 𝐵 sin(𝑥) 

⟹ 𝑢̅𝑝
′′(𝑥, 𝑠, 𝛽) −

𝑠2

𝛽2
𝑢̅𝑝(𝑥, 𝑠, 𝛽)

= −𝐴 cos(𝑥) − 𝐵 sin(𝑥)

−
𝑠2

𝛽2
(𝐴 cos(𝑥) + 𝐵 sin(𝑥)) 

                    = [−1 −
𝑠2

𝛽2
] (𝐴 cos(𝑥) + 𝐵 sin(𝑥) 

= −
𝑠2

𝛽
sin 𝑥                     

From the above result we conclude that 

[−1 −
𝑠2

𝛽2
] 𝐴 = 0 ⟹ 𝐴 = 0 and,   [−1 −

𝑠2

𝛽2
] 𝐵

= −
𝑠2

𝛽
⟹ 𝐵 =

𝑠2𝛽

𝑠2 + 𝛽2
 

Therefore, the general solution  𝑢̅(𝑥, 𝑠, 𝛽) =
𝑢̅ℎ(𝑥, 𝑠, 𝛽) + 𝑢̅𝑝(𝑥, 𝑠, 𝛽) is equal to  

                ⟹ 𝑢̅(𝑥, 𝑠, 𝛽)

=
𝑠2𝛽

𝑠2 + 𝛽2
sin(𝑥)                                    (2.3) 

Now in order to find the solution of equation 
(1.9), applying the inverse AK transform on 
both sides of equation (2.3) 

⟹ 𝑀𝑖
−1[𝑢̅(𝑥, 𝑠, 𝛽)] = 𝑀𝑖

−1 (
𝑠2𝛽

𝑠2 + 𝛽2
sin(𝑥)) 

                      𝑢(𝑥, 𝑡) = sin(𝑥) 𝑀𝑖
−1 (

𝑠2𝛽

𝑠2 + 𝛽2
) 

                  = sin(𝑥) cos(𝑡) 

 

 

3. Conclusion 

Authors successfully discussed the use of AK 
Transform for the solution of partial differential 
equations. We successfully found an exact 
solution in all the examples and the result gives 
a guaranty for AK transform, which plays a 
great role in finding exact solution of initial and 
boundary value problems of partial differential 
equations. AK can also be applied to similar 
nonlinear problems in future. 
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