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Abstract: - In this work, we consider a nonlinear epidemic model with temporary immunity and a saturated incidence
rate. N (t) at time t, this population is divide into eight sub-classes, with N(t) = S(t) + I(t) +l1(t)+12(t)+O(t)+A(t)+ Q1 (t)+
Qa(t). S(1), 1(1), 11(1), 12(1), O(1), A(t), Qi(t) and Qx(t), denote the sizes of the population susceptible to disease, infectious
members, HIV infected members that do not know they are infected, HIV members that know they are infected, members
suffering from other opportunistic infections, AIDS members, and quarantine members. With the possibility of infection
through temporary immunity, respectively. The stability of a disease-free status equilibrium and the existence of endemic
equilibrium determined by the ratio called the basic reproductive number.

The model has been studied the permanence of the epidemic and Stochastic stability of the free disease equilibrium under
certain conditions.

Key Words: - Basic reproduction number, endemic equilibrium, epidemic model stability, stochastic stability, saturated

incidence.

1 Introduction

This paper considers the following nonlinear epidemic
model with temporary immunity:

: = v—uv— p+a _ 5 SO
SO = At b d SO = B + I

+byeMTQ, (t — 7),

S(6)I(t)
1+a,5(t) + a,I(t)
— By +d I(t) +b,Q (1),

f(t) =p — o +a, +6 +o I(t) (l)
1,(8) = e I(t) — 61,(t) — 7, L,(t) — 15 +d I,(t),
() = al(t) + 61,(t) — 6,1,(t) — %L (1) — @ + d (L),
Ot) = o1(t) — @ + d D(t) + pO (1),
. 2
At) = D71 (0) — @ + d H(t) — SA(L),
i=1

Q1) = 81(t) + &,1,(t) — @ +d D) — by @ (1) + & A1),
Qo) = pO (1) — @ + d Dy(t) — bye™ Q6 — 7).

Consider a population of size N (t) at time t, this
population is divide into for eight sub-classes, with

N(t) = S(t) + 1(t) +11(O)+12()+OO+A()+ Q:(O+ Q(1),

S(t), 1(t), 11(t), 12(t), O(t), A(t), Q1(t) and Q(t), denote the
sizes of the population susceptible to disease, infectious
members, HIV infected members that do not know they
are infected, HIV members that know they are infected,
members suffering from other opportunistic infections,
AIDS members, and quarantine members.

With the possibility of infection through temporary
immunity, respectively.

The positive constants i, Lo, M1, M2, U3, W4, U5 and Mg
represent the death rates of susceptible, infectious, HIV
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infected members that do not know they are infected,
HIV members that know they are infects, members
suffering from other opportunistic infections, AIDS, and
quarantine members.

Biologically, it is natural to assume that:
p<min {po, b1, K2, K3, Ma, U5, M6}
The positive constant d is natural mortality rate.

The positive constant p is the average numbers of
contacts infective for S and I. The positive constant oz, a2,
are the average numbers of contacts. The positive

constant A represent the incidence rate of the population.

The positive constants yi, v2, are the numbers of transfer
or conversion of infected those who know and do not
know who are HIV-positive become AIDS patients.

The constant » is the parameter of emigration, v
is the parameter of the immigration. ¢, the
parameter of unaware infective to become
aware infective by screening.

6,,0,,6,, the numbers of transfer to conversion of I, I, A

to Q1. The positive constants ¢ the numbers of transfer or
conversion of infected to members suffering from other
opportunistic infections.

The term p, the numbers of transfer to conversion of, O

to Q2.

The term b, indicate that an individual has quarantined in
a pool recovery before becoming infected and the term

Volume 5, 2020



Laid Chahrazed

bye™'Q,(t —7) indicate that an individual has

quarantined in a pool recovery before becoming
susceptible, where t is the length of immunity period,

The formulation of the incidence rate

S(HI(t)
14a,S(t) + a,I(t)
parameters.

, with a; and a, are the constants

The initial condition of (1) given as:

S(m) = (), I(n) = Py(n),0(n) = P4(n),1,(n) = 24(n), @
O(n) = @y5(n), A(n) = Ps(1),Q (1) = P7(n),Qy(n) = Py(n).
—-T<n<0

Where, ©, = @,,®,,®,,0,,0., &, ®.,, € Csuch
that
S(n) = 2,(n) = 2,(0) = 0, I(n) = Dy(n) = ,(0) =0,

Li(n) = ©3(n) = ©5(0) = 0,1,(n) = 2,(n) = £,(0) = 0O,
O(n) = ©5(n) = ©;(0) = 0, A(n) = P(n) = $4(0) =0,

Q) = P7(n) = ©7(0) = 0,Q,(n) = P4(n) = P(0) = 0.

T =n<0,

Let C denote the Banach space C ([-t, 0], R8) of
continuous functions mapping the interval [-t, 0] into R8.
With a biological meaning, we further assume that:

®,(n) =2,0)>0 ,fori=1,23,4,5,6,7,8.
The region

Sttt .0, t,0t At ., Q t,Q t €RY,

2 =
St +It+1L t+Lt+0t +At +Q t +Q t <N< v
o+

Is positively invariant.
Hence, system (1), can be rewritten as

S(t):/\+117177 w+d S(t)f/i%
12t 24 (T
+be™MT QL (t — 7),
S(t)I(t)
1+a,S(t) + a,I(t)

() = 3 —e ®)
= A +b0,Q (t) — ¢ I(t),
1) = ay1(6) — o1, (6),
I,(1) = anI(t) + O1,(t) — e, L(1),
O(t) = oI(t) — ¢, O(t),
. 2
A@t) = D7 (0) — ¢y AY),
i=1
Q () = 8,1(t) + 8,1, (t) + 65 A(t) — c5 Q (1),

Qo) = pO () — g + d V() — bye™ 7 Qu(t — 7).

With

Co = ¥ + vy + 6 + o 4+ py +d,
¢, = 0 + v 4+ + d,

Cyp = Yo + 65 4+ p, + d,

Cy = pg + d + p,

c, = 63 + py + d,

c; = b+ pug + d.
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2 Equilibrium points

We calculate the points of equilibrium in the
absence and presence of infection.

In the absence of infection, the system (3) has a
disease-free equilibrium Eo:

A+v—

~ T m
Ey= S, 1,1,,1,,0,4Q,,Q, =( y Y .0,0,0,0,0,0, 0)’.(4)

Define the quarantine reproduction number as

A+v—vw
%:ﬁx (5)
¢ Mmt+d+a A+v-—v
In the presence of infection, substituting in the
system, Q also contains a unique positive, endemic

equilibrium

* sk ok * * o w I
B = ST 15,00 AN QL Qs
Where:
- A+v—w - pobye s’
ST = + <1 fy = | —2—— — ¢, + bf
p+d 3%
A+ v v 1
e [ 1+ d ] T a, 3 a
I = — 2.0 = ¢y +bh S = - S
1= ffy ’ f5 a, as
=S
<,
1 — |2 oy
cy c ¢y
o" Z x 1",
€3
a* 1 o i(v Y, Ocv, 7y, T,
c, ~ ¢ c ¢,
Q= fi xT',
o 2
£ = N 5, 5D[ﬁ 6”’1}/ b3 Z”/% dadtely
S C2 €162 Cy 1 c ccy
po
Q, = > I
-] (6)

The disease-free equilibrium E, of the system
(3) is locally asymptotically stable if Ry<1.
Theorem 2

If Ro>1, the system (3) has a unique, non-
trivial  equilibrium £ which is locally
asymptotically stable.
3. Permanence of the epidemic
Theorem 3
Let s.7.1,1,04.¢,q, be the solution of system (3).

If there exists a sequence (t,) such that

thOO’S L =51 ty 4)0"[1 t, =0, thenl_)\+ll—1).
Lt -00t —0At —0¢t —0’ =T

w+d
QQ tﬂ — 0,
Proof
We have, _, A+v—-v.Supposethat , r+v-o.
n+d - w+d
Since

St, — LIt — 01 t

n

ot — 0,A t, — 0,Q t,
It follows that

- 0712 tn
— 0,Q, t, — O.

n

— 0,
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1,0,0,0,0,0,0,0 € W Sy, Iy, I, s Iy 054y @ s @
Which is the set of W limit.
Consider

St It 0t t S I, I 1

0t AL.Q L0, ]6 W[,(SO,ZU, o 0,292 0]'(7)
For every t because the
Selew .0, 1,1, .04, 0,0 0, is invariant by (3).

We have S :A+V7v+ s Av-v It and
ptd 0 ptd

It =1t =1,t =0t ForeveryteR.
=At =Q t =Q, t =0,

Since , _, . A+~ —v contrary to the positivity of
w+d

Sinall R . (TheregionQ).0

Proposition

Let S,1,1,,1,,0,A4,Q,,Q,
1- If
§> 00 >0 L >0 1 >00,>04>0.Q ,>0.¢ >0 then
forevery, c o1 ,

St >011t >01I t >01, t >0,
Ot >0At >0 t >0Q, t >0

2- Thesolution S.I,1,,1,,0,4,Q,,Q, ,
is defined in [0, 00 ,and

A+v—v "
w+d ’

limsupNt <
t—00

Proof
1- We suppose there exists, , o Such

that ¢ , _ 054 =oand s =ofor
clot, . Then 7 + ~ o for, ¢ (0,2,

If the assumption is not correct then there exists
4 cloe] Suchthat ., _;, -, and

7 ¢ >ofor,c [0,¢
By integrating, we have, for ; < [0, ]
Q t = @ Ue*’%’ +5l.j.e AaltTT o odr +

t t
(§;Zfe At I, T dT+2>3Je T A 7 dr > 0,

And

(8]

13
Ot = @, e o e O dr >0
0

Then, , contradiction.

= bQ, t = 0!
Henceg + -0, + =0, for; c [0, ]
Therefores 1, —x+v—v—benqQ, 1, >0

However, this is contradiction with
supposition that, , _ .
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2- Wehave =A+v—v—uS — pd — Il — p,l,

—Hy O — pu,A— 15 Q — /IGQ2 — dN.

N§A+I/7’z,77 M +d N.
t e[0T
N<)\+1/7’U_ 1 ntdt

ST a ,
N<oxXtrv—v

©n+d
The solution s 7.7.1,,040,.0, bounded
|n[ Forfe[O% ,N</\+V7'1'71767/1+/1f
T op+d

Finally
lti:,[ESUPN t S%
O

4 Stochastic stability of the free
disease equilibrium

We limit ourselves here to perturbing only
the contact rate so we replace s by 3+ a b(t),
where b(t) is white noise (Brownian maotion).
The system (3) transformed to the following It6
stochastic differential equations:

S =A+v—v— ptdS)- %

+b,e T Qy(t — 7) — aLdb,
14a,5(t) + a,I(t)

TN S(H)I(t) et S(t)I(t)
o= “31+315(t)+a21<t)+b‘(‘)' 0 =&l +a 1+a,8(t) + zz(c)db’

L,(t) = a,1(t) — 1, (1),
1,(8) = ol(t) + O1,(t) - c, L,(t),
O(f) = 1) = ¢, (1),
Z’) I,(t) — ¢, At),
Q1) = 81(6) + &L,(1) + 6, A() — ¢; @ 1),
Q,(t) = pOlt — G+ d Q1) — b TQy(t — 7).

U]

Theorem 4:
If Ry<1, 1(1),Qu(t) and Qa(t) are exponentially
almost surely stable.

Proof:

Let w such that

G Kt d
B AN+v—w
With 1t6’s formula, we obtain

acy + >0

I +w +W
L =dlog(l +w.Q,+w Q,)= I +W181 +W282
11 22
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BSl
1+a,S +a,l
W, 5; A+w , 00
—[co —w, 51
—[w.cs—b,]Q, dt
—[W, (He +d ) +w be™ ]Q,

+W 5,1,

1
T 1w Q,+w Q,

2 2
1 a Sl
——Xx x
| 2 1+wQ,+w Q, 1+a,;S +a,l ) |
asSl

————db
I +wQ, +wW Q,

A —
-[C, - ﬂ( ks U) -wyo |1
p+d+a (A+v-v)+a,l
L< 1 _[ch5_b1]Q1 d
T 14w Q,+w 0, _[Wz(“s +d)+w sze-uﬁr]Qz
2
1 a S
——X X
| 2 T+wQ+w,Q, (1+aS +a,l

asl

—— b
I W lQl W ZQ2

‘- B(A+v-v) w i
p+d+a (A+v-v)+a,l

+w.c;—b;]Q, dt -
+[w 2 (Mg +d ) +w 2bze"“ﬁ’}Q2

-1
S -
I +wQ,+w Q,

PR —"
I +w Q,+w Q,
We suppose that
B(A+v—-v
) 0o ( ) _W151 !
|_1:m|n /l+d+al(ﬂ+l/—l))+az| .
(W, —bl),(w 2 (M +d ) +w 2bze'““)
Then
asl
L<-Ldt+ db
I +wQ,+w Q,

With integration, we obtain
log(l +w Q, +w ,Q,)<—Ldt

X S ()1 (V) -
’c‘:(l(V)+W1Q1(V)+W2Q2(V))db( )
We have

S(v)I(v) 2 _—
L(I (V)+W1Q1(V)+W2Q2(V))] , is bounded.
So,
Limt S(v)I(v)
) o(l (v)+w,Q, (v )+w Q, (v ))
almost surely.

The following form from Doob’s martingale
inequality combined with 1t6 isometry see [18,].

db (v)=0,
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Lim sup;—L log(1 +w Q, +W Q,) <—L,Alm

t—>w

ost surely.
Finally

i 1 .
Lim Supt— logl <-L,, so I isalmost surely.
t oo

: 1 :
It_lm supt— logQ, <—L,, so Q1 is almost surely.
And

, 1 :
It_lm supt—logQ2 <-L,, so Q2 is almost surely.

O
5 Conclusion

This paper addresses the equilibrium and stability of
the epidemic model with temporary immunity and
saturated incidence rate. Both trivial and endemic
equilibrium are founds. The disease-free equilibrium
E, is globally asymptotically stable if Ro<1, and the
system has a unigque non-trivial equilibrium

E-which is globally asymptotically stable if Ro>1.

We study Permanence of the epidemic and
stochastic stability under some conditions.
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