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Abstract: - In this paper we propose metrics for the reliability of Kalman filter prediction and estimation. These
metrics depend on the known state and measurements noise covariances, the prediction or estimation error
covariances and the measurements covariance. These metrics concern the time varying, the time invariant and
the steady state Kalman filters. The proposed metrics are time varying since the measurements covariance is
time varying. The closer the metrics are to zero, the better the prediction or the estimation. Examples are

presented to test the proposed metrics.

Key-Words: - Kalman filter, Estimation, Prediction, Steady state, Metrics, State Space Systems, Measurement

Received: May 29, 2025. Revised: August 14, 2025. Accepted: September 19, 2025. Published: June 5, 2026.

1 Introduction

Kalman Filter [1]-[2] is the most well-known
estimation algorithm which plays a fundamental role
in estimation theory, since it has been widely used
in various applications: object detection and
tracking [3], robotic applications [4], electric load
estimation [5], weather forecasts [6], autonomous
orbit determination [7], satellite orbit determination
[8], power generation prediction [9], cases
prediction of Covid-19 [10], control effectiveness
estimation on airplanes [11], applications with time-
correlated measurement errors [12], aircraft state
estimation [13], GPS position estimation [14],
estimation with unlimited sensing measurements
[15], multi-target localization [16], stock price
prediction [17].

The discrete time Kalman Filter is associated
with discrete time state space systems of the form:
x(k + 1) = F(k) - x(k) + w(k) €))
z(k) = y(k) + v(k) = H(k) - x(k) + v(k) 2
fork=0,1,...
where is the discrete time, x(Kk) is the state, z(k) is
the measurement, y(k) is the output, F(k) is the
known transition matrix, H(k) is the known output
matrix, w(k) and v(k) are the state noise and the
measurement noise, respectively.

It is known [2, chapter 2] that:
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- {w(k)} and {v(k)} are individually zero mean,
Gaussian process with known covariances Q(k) and
R(Kk), respectively

- {x(k)} and {z(k)} are jointly Gaussian processes
The initial state x(0) is a Gaussian random variable
with known mean X, and covariance P,.

Kalman Filter produces iteratively the state
estimation x(k|k) and the estimation error
covariance P(k|k) as well as the state prediction
x(k+ 1]k) and the prediction error covariance
P(k + 1|k) using the measurements z(Kk) till time k
and the known Kalman Filter parameters:
F(k), H(k), Q(k), R(k).

The time varying Kalman filter is derived for
time varying systems where the Kalman filter
parameters F(k), H(k), Q(k), R(k) are time varying:

time varying Kalman filter
K(k) = P(kJk — 1) - HT(kK)
- [H() - P(k]k — 1) - HT (k) + R(K)] 7

x(klk) = K(K) - z(k)

+[I — K(k) - Hk)] - x(k|]k — 1)
P(k|k) = [I — K(k) - H(k)] - P(k|k — 1)
x(k + 11k) = F(k) - x(k|k)
P(k + 1]k) = Q(k) + F(k) - P(k|k) - FT(k)
fork=0,1,...
with initial conditions
x(0]=1) =x,,P(0|-1) =P,
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K(k) is the Kalman filter gain. I denotes the identity
matrix. MT denotes the transpose of matrix M. Note
that the existence of the inverse of the matrices
required to compute the Kalman filter gain, is
ensured assuming that every covariance matrix R(k)
is positive definite; this has the significance that no
measurement is exact.

The time invariant Kalman filter is derived for
time invariant systems where all the Kalman filter
parameters are constant, ie. F(k) =F H(k) =

H,QK) =QR(K) =R:

time invariant Kalman filter
K(k) = P(klk— 1) -HT

‘[H-P(klk—1)-HT +R]™*
x(klk) = K(K) - z(k)

+[I —K(k) - H] - x(k]k — 1)

P(klk) = [I—K(k)-H]-P(klk—1)
x(k + 1lk) = F - x(k|k)
P(k +1|k) = Q + F- P(k|k) - FT
fork=0,1,...
with initial conditions
x(0]—1) = x4, P(0]-1) = R,

For time invariant systems, it is well known [2]
that if the signal process model is asymptotically
stable, then there exists a unique steady state value
P, of the prediction error covariance matrix. In this
case, the resulting steady state Kalman filter is
derived:

steady state Kalman filter

x(klk) =K-z(k) +A-x(tk—1lk—1)
fork=1,2,..

with initial condition x(0]0)

The initial condition is calculated by:

x(0]0) = [I —K(0) - H] - x(0]—1) + K(0) - z(0)

where

K(0) = P(0|]—1) -HT - [H-P(0|]-1) - HT + R] ™!

with x(0|—1) = x,,P(0|]—1) = P,

The steady state Kalman filter coefficients K, A are

computed off-line, by first solving the

corresponding discrete time Riccati equation [2]:

P,=Q+F-P,-F'
—F-PB,-HT-[H-B,-HT +R] " -H-P,-FT (3)

and then calculating the steady state gain K:

-1
K=P, -HT-[H-P,-HT + R] (4)
and then calculating

A=[I-K-H]-F (5)

It is worth to note that the steady state value P, of
the estimation error covariance matrix is:

P.=[I-K-H]-P, (6)
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2 Prediction and Estimation Metrics
Let Z(k) and C(k) be the mean and the covariance
of {z(k)}; this covariance can be computed by the
measurements.

The difference between the state prediction and
the real state is x(k + 1|k) — x(k).
Then the difference between the predicted output
and the real output is:
y(k+ 1]k) — y(k) = H(k) - [x(k + 1]k) — x(Kk)]
= H(k) - x(k + 1]k) — H(K) - x(k)
= H(k) - x(k + 1]k) — [z(k) — v(K)]
= H(k) - x(k + 1]k) + v(k) — z(k)

with mean

uk + 11k) = H(k) - x(k + 1|k) — z(k) @)
(since {v(k)} is zero mean)

and covariance

I(k+ 11k)

= H(k) - P(k+ 1|k) - HT (k) + R(k) — C(k) (8)

Similarly, the difference between the state
estimation and the real state is x(k|k) — x(k).

Then the difference between the estimated output
and the real output is:

y(klk) —y(k) = H(k) - [x(k|k) — x(K)]
= H(K) - x(k|k) — H(k) - x(k)

= H(K) - x(k|k) — [z(k) — v(K)]

= H(Kk) - x(k|k) + v(k) — z(k)

with mean

n(klk) = H(K) - x(k|k) —z(k)

(since {v(k)} is zero mean)

and covariance

2(k|k) = H(k) - P(k|k) - HT (k) + R(k) — C(Kk) (10)

It is clear that pu(k + 1|k) and u(k|k) depend on
H(k), the prediction and the estimation respectively
and the mean of measurements. Also, Z(k + 1|k)
and X(k|k) depend on Q(k), R(k), the prediction
error covariance and the estimation error covariance
respectively and the covariance of the
measurements. Of course the prediction and the
estimation error covariances depend on Q(k), R(k).
Thus, Z(k + 1]k) and Z(k|k) depend on Q(k), R(k),
and the covariance of the measurements.

It is evident that the closer the quantities
X(k+ 1]k) and Z(k|k) are to zero, the better the
prediction or the estimation. Thus, the quantities
Z(k + 1|k) and Z(k|k) can be used as metrics for
how close to the real state the prediction or the
estimation are.

Then, it is evident that:

- the closer the quantity

H(k) - P(k+ 1|k) - HT(k) + R(k) is to C(k), the
better the prediction,

- the closer the quantity

H(K) - P(k|k) - HT(K) + R(k) is to C(Kk), the better
the estimation.

©)
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Then we are able to propose the following metrics
for the reliability of Kalman Filter prediction and
estimation:

a) metric for prediction

IZ(k + 1[K) ||

= |[H®) - P(k + 1|k) - HT(k) + R(k) — C(K)|| (11)
It is desired for [|Z(k + 1]K)|| to be close to zero or
for [[H(k) - P(k + 1]k) - HT (k) + R(K)|| to be close
to [|IC(K) ||

b) metric for estimation

IZCkIXI

= |[H(X) - P(k|k) - HT (k) + R(k) — C(K)|| (12)
It is desired for ||Z(K|K)]|| to be close to zero or for
|H®) - P(k|k) - HT(K) + R(K)||to  be close to
ICCEII

Here ||*|| denotes the Frobenius norm (Euclidian
norm).

These metrics are valid for time invariant
Kalman Filter as well. In the time invariant case all
the Kalman Filter parameters are constant: F(K) =
F,H(k) = H,Q(k) = Q, R(k) = R . Thus we can use
H(k) = H and R(k) = R in (7), (8), (9), (10) and in
(11), (12).

In the steady state case, these metrics remain also
valid. In fact (8), (10) take the form:

Z(k+1|k) =H-P,-HT + R— C(k) (13)
%(klk) =H-P,-HT + R—C(k) (14)
where P, and P, are the steady state prediction and
estimation error covariances, respectively.

Then the metrics (11), (12) take the form:

Ik + 1[R[l = ||H-P,- HT + R — C(K)|| (15)
It is desired for [|Z(k + 1]K)|| to be close to zero or
for ||H Py HT + R|| to be close to |[C(K)||

and

IZ(k|k)|| = ||[H-P.- HT + R — C(K)|| (16)
It is desired for ||Z(K|K)]|| to be close to zero or for
|H- P, - HT + R|| to be close to [|C(K) ||

3 Examples

In this section, two examples are presented.
Examplel. Random walk.

A scalar system which represents the random walk
movement is assumed in this example.

The system parameters are:

F=H=Q=R=1

The initial conditions are:

Xo=1PF =1

The time invariant Kalman filter and the steady state
Kalman filter are applicable.
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The steady state Kalman filter coefficients are:
K=0.618
A =0.382
The steady state prediction error covariance and the
steady state estimation error covariance are:
P, =1.618
P, = 0.618

Figure 1 presents the real state and the state
estimation using time invariant Kalman filter and
steady state Kalman filter.

state real and estimated

\ . . . . . . . \
0 10 20 30 40 50 60 70 80 90
time

Fig 1. Example 1. Real state and state estimation
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Figure 2 presents the metris using time invariant
Kalman filter.
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Fig. 2. Example 1. Metris using time invariant
Kalman filter

It is evident that:

1Z(k + 1]K)|| = ||H ‘P(k+1|k)-HT +R — C(k)”
is not close to zero

and

IZ(klOIl = [[H- P(k[K) - HT + R = C(R)|

is not close to zero
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Figure 3 presents the norms ||C(k)||,||H-
P(k|k) - HT +R||, |H-P(k + 1|k) - HT + R|| which
are related to the metrics, using time invariant
Kalman filter.

measurement | |
pred
est

norms - time invariant Kalman filter

0 10 20 30 40 50 60 70 80 90 100
time

Fig. 3. Example 1. Norms related to the metrics

using time invariant Kalman filter

It is evident that:

||H -P(k+ 1]k) -HT + R|| is not close to ||C(K)||
and

|H - P(klk) - HT + R|| is not close to [|C(K) |

Figure 4 presents the metris using steady state
Kalman filter.
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Fig. 4. Example 1. Metris using steady state Kalman
filter

It is evident that

IZ(k + 1|K)[| = ||H-P, - HT + R — C(K)||
1s not close to zero

and

ISQeION = [|H - Pe - HT + R — CQ0)|

is not close to zero
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Figure 5 presents the norms ||C(K)||, ||H Py
HT + R||, H-P,- HT + R|| which are related to the
metrics, using steady state Kalman filter.
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Fig. 5. Example 1. Norms related to the metrics

using steady state Kalman filter

It is evident that

|H-P, - HT + R|| is not close to [|C(K)I|
and

||H P,-HT + R|| is not close to ||C(K)||

Example 2. Constant estimation.

In this example the Kalman filter is used to estimate
a random constant [18]. Consider the real constant
c = 0.35.

The system parameters are:
F=1,H=1,Q=10"°R =102

The initial conditions are:

X0 =0.1,Ph =0.1

The time invariant Kalman filter and the steady state
Kalman filter are applicable.

The steady state Kalman filter coefficients are:

K =0.03112673

A =0.96887327

The steady state prediction error covariance and the
steady state estimation error covariance are:

P, =0.00032127

P. = 0.00031127
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Figure 6 presents the real state and the state
estimation using time invariant Kalman filter and

steady state Kalman filter.
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Fig. 6. Example 2. Real state and state estimation

Figure 7 presents the metris using time invariant

Kalman filter.
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Fig 7. Example 2. Metris using time invariant
Kalman filter

It is evident that:

IZ(k + 1|K)|| = ||H-P(k+ 1|k) - HT + R — C(K) ||
is close to zero

and

IZCkIK) = ||H-P(klk) - HT + R — C(K)||
is close to zero
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Figure 8 presents the norms ||C(k)||,||H-
P(k|k) - HT + R||, |H- P(k + 1]k) - HT + R|| which
are related to the metrics, using time invariant
Kalman filter.
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Fig. 8. Example 2. Norms related to the metrics
using time invariant Kalman filter

It is evident that:

|H-P(k+ 1|k) - HT + R|| is close to [[C(K)]|
and

|H-P(kIk) - HT + R|| is close to ||C(K)|]

Figure 9 presents the metris using steady state
Kalman filter.
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Fig. 9. Example 2. Metris using steady state Kalman
filter

It is evident that

IZ(k + 1|K)|| = |H-P, - HT + R— C(K)||
1s close to zero

and

IEKIK)|| = ||H:Pe-HT + R— CK)||

is close to zero
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Figure 10 presents the norms [|C(K)||, ||H P,
HT +R |, | H-P,- HT + R|| which are related to the
metrics, using steady state Kalman filter.
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Fig. 10. Example 2. Norms related to the metrics

using steady state Kalman filter

It is evident that

|H-P, - HT + R|| is close to |C(K)]|
and

||H -P,-HT + R|| is close to ||C(K) ||

4 Conclusion

In conclusion, we proposed metrics for the
reliability of Kalman Filter prediction and
estimation, in the sense that they show how close to
the real state is the state prediction and the state
estimation. The proposed metrics depend on the
known state and measurements noise covariances
and the known measurements covariance. The
closer the metrics are to zero, the better the
prediction or the estimation.

The proposed metrics concern the time varying,
the time invariant and the steady state Kalman
filters. The proposed metrics are time varying since
the measurements covariance is time varying.
Examples are presented to test the proposed metrics.

A subject of future research is to propose metrics
for the Finite Impulse Response (FIR) form of the
steady state Kalman filter.

References:

[1] R. E. Kalman, A new approach to linear
filtering and prediction problems, J. Bas. Eng.,
Trans. ASME, Ser. D, vol. 8(1), pp. 34-45,
1960.

B.D.O. Anderson and J.B. Moore, Optimal
filtering, New York: Dover Publications, 2005.

(2]

ISSN: 2367-895X

International Journal of Mathematical and Computational Methods

44

http://www.iaras.org/iaras/journals/ijmcm

[3] Ali, K. Terada, Object detection and tracking
using Kalman filter and fast mean shift
algorithm, Proceedings of the Fourth
International Conference on Computer Vision
Theory and Applications, pages 585-589, 2009,
DOI: 10.5220/0001787705850589

C. Cadena, J. Neira, SLAM in O(log n) with

the Combined Kalman-Information Filter,

Robotics and Autonomous Systems, vol. 58, pp.

1207-1219, 2010,

https://doi.org/10.1016/j.robot.2010.08.003.

R. Shankar, K. Chatterjee, T. K. Chatterjee, A

Very Short-Term Load forecasting using

Kalman filter for Load Frequency Control with

Economic Load Dispatch, Journal of

Engineering Science and Technology Review,

vol. 5, no 1, pp. 97-103, 2012, DOL:

10.25103/jestr.051.17

G. Giunta G., R. Vernazza, R. Salerno, A.

Ceppi, G. Ercolani, M. Mancini, Hourly

weather forecasts for gasturbine power

generation, Meteorol. Z. 26, pp. 307-317, 2017,

DOI: 10.1127/metz/2017/0791

Y. Li, Q. Gui, S. Han, Y. Gu, Tikhonov

Regularized Kalman Filter and its Applications

in Autonomous Orbit Determination of BDS,

WSEAS Transactions on Mathematics, (16), pp.

187-196, 2017.

X. Ren, Y. Yang, J. Zhu, T. Xu, Comparing

satellite  orbit determination by batch

processing and extended Kalman filtering using
inter-satellite link measurements of the next-
generation beidou satellites, Gps Solutions

23(1), 25, 2019, DOIL: 10.1007/s10291-018-

0816-9.

Y. Yang, T. Yu, W. Zhao, X. Zhu, Kalman

Filter Photovoltaic Power Prediction Model

Based on Forecasting Experience, Front.

Energy Res., Sec. Smart Grids, vol. 9, 2021,

https://doi.org/10.3389/fenrg.2021.682852.

[10] V.C.S. Rao, B.G. Devi, S. Pratapagiri, C.
Srinivas, S. Venkatramulu, D. Raghavakumari,
Prediction of Covid-19 using Kalman filter
algorithm, 2021 International Conference on
Research in Sciences, Engineering and
Technology, ICRSET 2021, AIP Conference
Proceedings, vol. 2418, issue 1, id.030067, 8
pp-, DOIL: 10.1063/5.0081995.

[11] A. Guven and C. Hajiyev, Two-Stage Kalman
Filter Based Estimation of Boeing 747
Actuator/Control Surface Stuck Faults, WSEAS
Transactions on Signal Processing, vol. 19,
2023, pp. 32-40,
https://doi.org/10.37394/232014.2023.19.4.

[4]

[7]

[9]

Volume 11, 2026


https://doi.org/10.1016/j.robot.2010.08.003
https://doi.org/10.1127/metz/2017/0791
https://link.springer.com/article/10.1007/s10291-018-0816-9
https://link.springer.com/article/10.1007/s10291-018-0816-9
https://doi.org/10.3389/fenrg.2021.682852
https://doi.org/10.37394/232014.2023.19.4

Nicholas Assimakis, Maria Adam

[12] C. Hajiyev and U. Hacizade, A Covariance
Matching-Based ~ Adaptive =~ Measurement
Differencing Kalman Filter for INS’s Error
Compensation, WSEAS Transactions on
Systems and Control, vol. 18, 2023, pp. 478-
486,
https://doi.org/10.37394/23203.2023.18.51.

[13] M. Sever, T.Y. Erkeg, C. Hajiyev, Comparison
of Adaptive Kalman Filters in Aircraft State
Estimation, WSEAS Transactions on Signal
Processing, vol. 19, pp. 128-138, 2023,
DOI:10.37394/232014.2023.19.14

[14] R. Verma, L. Shrinivasan and K. Shreedarshan,
GPS/INS integration during GPS outages using
machine learning augmented with Kalman
filter, WSEAS Transactions on Systems and
Control (16), pp. 294-301, 2021, DOL
https://doi.org/10.37394/23203.2021.16.25.

[15]H. Wang, X. Zheng and H. Li, Kalman
Filtering With Unlimited Sensing, ICASSP
2024 - 2024 IEEE International Conference on
Acoustics, Speech and Signal Processing
(ICASSP), Seoul, Republic of Korea, 2024, pp.
9826-9830, doi:
10.1109/ICASSP48485.2024.10448298.

[16] Q. Luo, S. Li, X. Yan, C. Wang, Z. Zhou, G.
Jia, An improved two-phase robust distributed
Kalman filter, Signal Processing, volume 220,
2024.

[17] N. Assimakis, M. Adam, D. Katsianis, Stock
price prediction using Kalman filter, 11th
World Congress on Electrical Engineering and
Computer Systems and Sciences (EECSS'25)
Paris, France - August 17 - 19, 2025 Paper No.
CIST 105.

[18] G. Welch, G. Bishop, An Introduction to the
Kalman Filter, Department of Computer
Science, 2001, University of North Carolina,
http://www.cs.unc.edu/~welch/media/pdf/kalm
an_intro.pdf

ISSN: 2367-895X

International Journal of Mathematical and Computational Methods
http://www.iaras.org/iaras/journals/ijmcm

45 Volume 11, 2026


https://doi.org/10.37394/23203.2023.18.51
https://doi.org/10.37394/23203.2021.16.25



