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Abstract: - The article studies Fourier series in continuous-discrete Sobolev spaces. The questions about the
behavior of partial sums and linear means for Fourier series in orthonormal Sobolev polynomials {gG, (x)}(x €
[—1,1]; n € Z,) are considered. Results on the convergence of A — summation methods uniformly and almost
everywhere are obtained. The compact convergence of linear summation methods in the Sobolev spaces is
studied. A consequence of the obtained results is linear summation methods for Fourier - Gegenbauer -Sobolev

series in a discrete Sobolev space.

Key words: - Sobolev polynomials, linear means, Fourier series, summation methods, continuous-discrete space,

Sobolev space, Sobolev polynomials, Gegenbauer -Sobolev polynomials

Received: July 16, 2025. Revised: August 19, 2025. Accepted: September 21, 2025. Published: October 29, 2025.

1 Introduction
We consider sequences of polynomials which are
orthogonal with respect to the Sobolev inner product
defined on the set of polynomials P by

N

8= | O mduco,
i=0

for some N > 1, where (u;})., are positive finite
Borel measures. The interest of the study of
orthogonal polynomials is justified by several
reasons: the spectral theory for ordinary differential
equations, the analysis of spectral methods in the
numerical treatment of partial differential equations,
the search of algorithms for computing Fourier-
Sobolev series as well as the approximation to both a
function and its derivative in terms of Sobolev
orthogonal polynomials; the extension of Gauss
quadrature formulas [1] — [7]. There exists a real-
valued polynomial h: R — R satisfying
(hp,q) = (p,hq)(p.q € P),

if and only if each of measures y; (x)(1 < i < N) are
purely atomic with a finite number of mass points [8§].

(1)

2 Continual-discrete Sobolev

polynomials

Let 4 be a finite positive Borel measure on the
interval [—1,1] with infinitely many points at the
support and let the points a,a, E R,k =1,2,...,m
For f and g in L} ([—1,1]) such that there exist the
derivatives in a;, we can introduce the inner product
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f.9) = f FG)g()du(o) +
-1

m Nk
+Z D M V@ig®@), @
=11i=0
where y({ak}) =0,M; >0({=01,..,Ny; k=

1,2,...,m),u’ (x) > 0 a.e. Linear spaces with this
inner product are called a “continual-discrete
Sobolev spaces”.

Continual-discrete  Sobolev spaces are an
interesting topic in many fields of mathematics and
its applications [9, 10]. If we investigate the
oscillation of a  string loading  with
masses M, at the points a;, and use the Fourier
method for the corresponding Sturm-Liouville
boundary value problem associated with the second-
order partial differential equation, then the
eigenvectors are orthogonal with respect to the inner
product

.9) = f Fgdx + Z Mef (@09 (@),

If we study the oscillation of glrder we get a fourth-
order partial differential equation. The corresponding
eigenfunctions are orthogonal with respect to the
inner product involving equilibrium theory of plates
strengthened by rods, was considered for the first
time by S.P. Timoshenko as early as 1915 (he was a
famous specialist in elastic theory).
In the future we will consider the following two cases
lag] < 1uag| >1(k=12,..,m).

A) Caselag| <1(kk=12,..,m)[11].

Let N; be the positive integer number defined by
N = Nk + 1, lf Nk is Odd,

k= {Nk +2, if Ny is even,
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m N
wy ()= [ = n = N
k=1 k=1

w1 () = 7 wy (8.
B) Case |ag| > 1(k=1,2,..,m) [12
m m

w0 = [ Joe =@Mt v = v+ 0.

We will assume that all points aj belong to the
interval (—o0 < ag < —1,s = 1,2, ..., m); otherwise,
we only have to change the corresponding factor
(x — ag) by (ax — x) in the definition of wy (x).
In order to study the Fourier series in the
case [ag| > 1 (s = 1,2, ..., m) the condition p’'(x) >
0 a.e is not sufficient for our purposes in what
follows. Thus, we will consider the measure y in the

Szego class:
1

dx
logu' (x > —oo0
j B
Example: Jacobi weight (1 —x)*(1 + x)? (a, 8 >
—1). Let {Gn(X)};, x€[-11; n€Z,,Z, =

{0,1,2, ...} be the sequence of polynomials of degree
n with a positive leading coefficients orthonormal
with respect to this inner product (2)

(él\nr éI\m) = 6n,m (n,m € Z+)
Orthonormal polynomials §,(x) satisfy the

following recurrence relations
N+1

W1 (O () = Z s Gy () +

N+1

Z i jnn i) 3

(nEZ+,qj—O]—12 dps=0,5>n).
Remarks. 1. If {e,}o_, is the orthonormal basis of a

separate Hilbert space [] and ] is Jacobi operator, then
N+1 N+1

7TN+1(])en = Z dn+j,j enyjt+ z dn,jen—j
=0 =1

(ne Z+;e_j=0,j=1,2,...;dn's=0,s>n) is
given by a generalized Jacobi matrix of order (2N +
3) [13].

2. Let us consider a special case of the inner product

2):
1
.91= [ r@g@aune

-1
m N
7 Miif O (@)g (@)

k=11i=0
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1 m
_ f FOOg()du(x) + z Mycof (@) g(ay)

-1 =

m N
DI AICATEICS

f)g(x) dpe(x)

=
Il
[
~
1]
[

Il
k_-\H

|
=

fO)g® ()dp; (x)

~
Il
[y

+
M=
HHg__‘\H

Z f CIGYRISEME)

where dug(x) du(x)+2 L1 My ,06(x — ay) dx,
dpi(x) = Ygeq My 6(x — ay) dx (i = 1,2,...,N),
and &6(x) — & Dirac’s function. We obtain the
classical Sobolev’s inner product (1) with continuous
and discrete measures.

3. Example. Discrete symmetric
Gegenbauer-Sobolev polynomials
1

. De= [ F@gGWaGIdx

M@ + F(—Dg(-D] +
NIF(Dg'(D) + £ (g (—DIM = 0, > 0),
Wwe() = (1 - x2)%(a > —1)

{ @) = 49 M, N)} (n€Z,,xe€[-11]),

((a) ,qgg))oc:an,m (n, mEZ,).

They were introduced by H. Bavinck, Y.J. Meijer
([14,15]) and have been investigated in the following
articles [16]-[22] and so on.

Some of their properties differ from the properties
of classical orthonormal Gegenbauer polynomials
pr (x):

1. For n large enough, the polynomials
c?,(l“)(x; M,N),N >0, positive exactly (n—2)
different, real and simple zeros belonging to the
interval (-1,1); the two remainder zeros are outside
of the interval being one positive and the other one
negative; all roots of pj (x) in (—1,1);

2. py(x) are eigenfunctions of the differential
operators of a second-order. Polynomials

(’j,(la) (x; M,N) are eigenfunctions of the linear
differential operator usually infinite degree:

ifa =0,1,2,... M > 0,N > 0: degree 4a + 10;
M>0,N=0:2a+4;

M =0,N>0: 2a + 8; these degrees are least;
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3.

(@) -l () o —a—t
a0 @D~ 0 @Y @D
7

@y @D~ n 72,
e 1
pr(EDI 720> -5
4. (x* - 30§ (x) = an+3‘77(16-{+)3 (x) +

bs10S, (0) + @t () + 4,3 % (x)
mezZ,; §¢9=0, s=12..;a,=0 n=
0,1,2;by = 0),

This recurrence relation has the lowest order.
Orthonormal polynomials pj (x) satisfy a three-term
recurrence relation
xpr (%) = Cny1Pr+1(x) + dppy (%)
+ -1 () (n € Z,),
p%i(x) =0, p§(x) = constant, cy =0,
with

o=t 40(2) 4 =0(2) o

4 Fourier-Sobolev series in continual-

discrete Sobolev spaces
Let {§,(x),n € Z, ; x € [—-1,1]} be the sequence of
orthonormal polynomials of degree n with a positive
leading coefficient:
(@, Gm)=6nm (n,m € Z,,),
Gn(x) = k(@)™ +1(§)x" " + -, k(Gn) > 0.
Denote by R, (1<p<w0),R; = R, the set of functions
R, =
i=012..,N,,—0<a;<o(k=12.,m))
For each f € R we form a Fourier-Sobolev series
f )~ Xic=o € (f) G (x),
a(f) = (f,q) (k €Zy; x € [-11]). (4
We consider the trilinear T-regular method of
summability defined by the matrix

A= k=01,..,n,n+ 1,20 =1,
AW =o0,nez,). (5)
Matrix A is called T - regular, if the following
conditions are valid:

a) Limy,dY = 1 (k € Z,is fixed);
b) X2 [2 — A | < c (ne z,).
For example: Cesaro means (C,a > 0) , Voronoj -

Norlund means, Riesz’s means and so on. For every
f €R we introduce A-means
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Unf (0= > 207 6 () (x € =111, (6)
k=0

Compact convergence in a normed function space H
on a set F is called convergence in the metric of the
space H on any compact subset K of F (in the case of
a space of continuous function C([—1,1]) with a
uniform metric, the topology of uniform convergence
on compact subsets).
We study the following problem:to investigate A —
summability of a given Fourier-Sobolev series, that
is, to obtain conditions for orthonormal system
{G.}w=0 and the entries of A —matrix (5), for
which the relations
Aim Uy, f( A) = f(x), (7)
n
lim » 2" a(Ng’ @) = fP@)  (®
1=0
(i=012,..,N;k=1,,..,m)
hold at the point x € (—1,1), almost everywheree
and in the topology of compact convergence in the
spaces C([—1,1]) and WP ([-1,1]).

The interest in orthogonal Sobolev polynomials
and Fourier -Sobolev series is related to a number of
problems of Function Theory, Functional Analysis,
Quantum Mechanics, Mathematical Physics and
Computing [1,9]. In the classical book [24],[25], we
can find the point of view of partial differential
equations (see also [23, 26]).

5 Partial sums of the Fourier-Sobolev

series
Define by
n 1
S0 = ) (A = [ 0 Dultix)du(e)
k=0 -1
m Ng
2 Mif V(@D (@ ), (x € =110,
k=11i=0
the partial sums of the Fourier-Sobolev series (4),
where
n
Da(t2) = ) G®k() (€ Ly s5tx € [-11])

k=0
is Dirichlet’s kernel. The point x € (a, b) is called a
Lebesgue point of a function f, if the following
relation
1 x+h
time | 1@ = Fldue) =0
holds. As is known, the set of the Lebesgue points of
fe L}l(a, b) is situated p- almost-everywhere x €

(ab).
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Define by
Em
_ {(—1,1)\ Ul {as}if lagl <1 (s =1,2,..,m),
(-1,1), if lag| >1(s =12,..,m).
Theorem 1. Assume that f € R and
1
| remwane <,
[ hdu) < =
21

where h(x) is continuous in &, majorant of G, (x) :

1Gn ()] < h(x) (x € Emin € Zy).  (9)
Then the following results hold:
(i) At each Lebesgue point x € &, of the function f,
the partial sums S, f(x) of the Fourier — Sobolev
series (4) satisfy

Spf(x) = 0x (1) In(n + 1) (n - o).
(ii) Let function f be a continuous on [—1, 1] and the
measure U is absolutely continuous
du(x) = w(x)dx,w(x) >0 (10)

is continuous (x € E,). Then uniformly on every
compact subset K of &, the relation

Snf(x) =0(D)In(n+1) (n - o)
holds.
The statements (i)-(ii)are preserved in the case
lax| > 1(k = 1,2, ...,m), if the measure pu satisfies
the Szegd condition. The issues of convergence of
Fourier series for systems of continual-discrete
orthogonal polynomials and their special cases were
studied in the articles [11], [12], [27]-[36].

6 A-means of the Fourier-Sobolev

series
Define by
n
Unf (50 = ) 2P (N 0)
k=0
(neZy;xe[-1,1))

the A -means of Fourier series (4).

Theorem 2. Suppose that an orthonormal
polynomial system {G,(xX)}n=o has a majorant h(x)
(see (9)) and the recurrence coefficients (3) satisfy

N+1:yN+1
j=+1 J Zz:o Z?=0(|d5+j,s+j+l -

ds+l,s+j+l|+|ds,s+j - ds+l,s|) <o
N+1 :yN+1
j=+1 J l=-‘z) 220=0(|d5+j,s+j—l -

ds+l,s+j—l|+|ds,s+j - ds—l,sl) < ®, (11)
where the constant C > 0 does not depend onn € Z.,,
and for the entries of T-regular matrix A the following
estimate
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max |/1,(<n) |
0<ksn

S (k+D)(n—k+1)
_|_
n+1

n—k+1 1A%

<CMmez,) (12)
holds, where Az/lgcn) = /15(") — 21521 + Agfz (k=
0,1, ...,m;n € Z,). Then the following statements are

valid:
(i) Let f'be a function f € Ry, 1 < p < o, be satisfy
[ 1f GPRP ()dp(x) < oo,
[2, AP () du(x) < oo.
Then at every Lebesgue point x € &, of function f,
the A - means Uy, f(x; A) of the Fourier-Sobolev
series converges to f(x), that is, the relation (7)
holds.
(i) If, an addition, the measure | satisfies the
condition (10) and the function f is continuous on
[—1,1], then the relation (7) holds uniformly on all
compact subsets K < (—1,1).
(iii) Let f be a function f € Ry, 1 <p < oo, be
satisfy (13) and there exist the derivatives f® (ay)
fori=0,1,.., N, k=12,.. m, with

n

swp ) |4 (@] <o

nez, &4
then the relation (8) holds.
The statements (i)-(ii) are preserved in the case
lai| > 1(k = 1,2, ..., m), if the measure y satisfies
the Szego condition.
Define by
W2 ) = (f, lfllye ) < .

1w gy = 1D gy + e Zick My 1FD @) [P,
where (1 < p < o) the subset F c (—1,1).

Theorem 3. Let a polynomial system {G,, (x)}n=o
satisfy the conditions (9)-(11), (14) and

1 1
“hllLZ,([—l.l]) < (1 <p< 00,5 + i 1) (15)

1. Then for any function f € WP ([—1,1]), satisfying
(13), for A-means (6) we have

||Unf(x)||wg(1() < Cp”f”wg([_l,l]) <
on an arbitrary compact subset K c &,,, where the
constant Cp, > 0 does not depend on n € Z, and the
function f.
2. (Compact A —summability) For any function f €
WP ([-1,1]), satisfying (13), on all compact subset
K c &, there is a relation:

[Unf G ) = F @y = 0 (= ).
The statements 1, 2 are preserved in the case |a;| >
1(k=12,..,m), if the measure p satisfies the
Szeg6 condition.

k=0

(13)

(14)
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The following propositions p lay an important role in
the study of linear summation methods. The kernel of
A -means has the form
K, (t,x; ) =
P02 @80 (x € Emm € L),
Let us introduce the function

74 . _ Kan(tx;0) .
K,(t,x;A) = R(OhD) (t,XE Ey; NETZLL).
Nonnegative function G,(t,x) (t € (a,b),x €

[a,B] € (a,b); n € Z,)is called “a humpbacked

majorant” for the sequence G, (¢, x) in the variable ¢

at the point x if the following conditions are satisfied:

(1) Foralln € Z, andt € (a,b),x € [, ]
1Gn (£, 2)| < Gu(t,X);

(2) For fixed n€Z,,x € [a,f] the function
G,(t,x) is nondecreasing on (a,x) and
nonincreasing on (X, b).

Lemma 1. Let a orthonormal polynomial system
{Gn (X)) }Ineo satisfy conditions (9)-(11) and for the
entries of T-regular matrix A (5) the estimate (12)
holds. Then for the function K, (t,x;A) there is “a
humpbacked majorant” for which the following
estimate is valid

f_ll K:(t,x; A h(t)w(t)dt < C xEK;n € Z,),
where the constant C > 0 does not depend on x € K
andn € Z,.

Lemma 2 Let a orthonormal polynomial system
{Gn (X)}neo satisfy conditions (9) and (14).
If

I 1f O1h®du(®) < o, [ Odu() < o,
is satisfied for a function f € R, then the following
relation is valid

> D@ = FOa)
n=0

(k=1,...,mi=0,1,..,Ng).
The statement is preserved in the case |a| > 1(k =
1,2,...,m), if the measure p satisfies the Szegod
condition.

Remarks 1. Fourier-Gegenbauer polynomial

system {61,(1“) (X)}n=o satisfy the conditions of
Theorems 1-3 and Lemmas 1-2.

2. The Cesaro mean (C,a) (¢ > 0) and the
Berstein — Rogosinski mean (see [38]) satisfy the
condition (12).

7 Open problems

1. To investigate the order of approximation
of function by linear means of Fourier-
Sobolev series.

2.To conduct experimental research in this topic.

3. Study multiple Fourier-Sobolev series.
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