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Abstract: - Proof is an important part of mathematics. It makes useful and applicable any new claimed theory.
One of the subtitles of the proofs is divisibility proofing. It has important applications in computer engineering,
such as prime numbers, integer factorization, congruence, and cryptography. This article contributes to the
usage of different techniques for divisibility proof, consequently presenting an educational view to proof.
Firstly, a description of divisibility is given with expressions. A general divisibility problem is considered, and
different proofs are applied to that. Although the basic proof is induction, six different techniques were applied
to the proof in order to show how to keep up well with the process. Modulo and binomial expansion were
implemented to show that sometimes it would be a good choice to look for an alternative solution even if it

does not seem as a part of or related to the proof.
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1 Introduction

Divisibility is one of the basic concepts in
mathematics. It finds out whether a number can "fit
into" another without a remainder. In the case of
work with multiples and factors, divisibility helps to
understand how numbers interact. In discrete
mathematics, the concept of divisibility is used in a
major portion with discrete numbers or integers and
finite sets.

A divisibility test is to devise an algorithm for if
a divisor integer divides another integer. The first
attempt at the divisibility test dates back to at least
500 C.E. to the Babylonian Talmud. The problem
was to calculate the given year within a Sabbatical
Cycle (remainder obtained upon dividing an integer
N by 7) [1]. Since then, divisibility tests for all
positive integers have been discovered. Although a
special solution was discovered for some integers, it
has been a wide research area for proving the
divisibility in general and accepted by a large
population of mathematicians, including Blaise
Pascal [2], Joseph-Louis Lagrange [3], and Charles
Dodgson [4]. The Blaise Pascal (1623-1662)
method is even elementary yet powerful. It helps to
anyone understand arithmetic in basic and let it be
used for divisibility tests of every positive integer.
He observed that remainders are repeated upon
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dividing powers of 10 by 7 [2]. Pascal used the base
10 in order to prove his method of testing for
divisibility. On the other hand, his test works in any
base (e.g., [5] for a discussion of bases 2 through 9
and [6] for base 30). Joseph-Louis Lagrange (1736-
1813) summarized the Pascal observation briefly [3]
that if a number is expressed in any base d+1, then
its remainder upon division by d is equal to the
remainder obtained when dividing the sum of its
digits by d. Some authors applied a slight
modification to Pascal's approach to devise
divisibility tests [7, 8]. In a different consideration
by Charles Dodgson in his research [4] applied,
putting a "0" over the unit-digit of a given number
yields to be a multiple of 9 (11 also works
similarly), and subtract all along, and if you
continue to put the remainder over the next digit, the
final subtraction gives remainder "0," and if the
upper line is omitted (final "0"), then you obtain the
quotient of 9 of the given number. A. Zbikowski
introduced a new divisibility technique to the
community in 1861 [9]. His method and its
variations have been considered many times since
then [10, 11]. Nearly all the divisibility tests appear
in the literature around either the Pascal or
Zbikowski techniques. One of the new research is
posted by Pagdame Tiebekabe and Ismaila Diouf,
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they execute some known tests for divisibility by 7,
then they propose a newly discovered technique for
divisibility by 3 [12].

One of the best surveys of this research is the
Edward Brooks book [13] which wrote two chapters
in his The Philosophy of Arithmetic for the study of
divisibility tests. The other book includes nearly all
the prior research before 1915, named "History of
the Theory of Numbers," written by Leonard
Dickson's [14]. Much more recently, Marc Renault
published a valuable article [15] that shows
divisibility tests for integers 2 through 102 and gives
explanations why the tests work.

The researchers have been focused on the
specific type of series of integer numbers such as
Fibonacci, Lucas and Pell numbers recently and
begun to prove the divisibility properties of these
numbers [16, 17, 18]. On the other hand, divisibility
properties of binomial coefficients are also another
important research area [19, 20] for divisibility
currently.

Proofing techniques are useful when it is
possible to produce generalized solutions for
divisibility. The article written by Benjamin
Dickman in 2017 [21] is a simple and good example
that includes proofs for different types of integer
problems.

In software and computer engineering, casual
familiarity with binary numbers is particularly
useful. Some specific numbers, such as binary
integer numbers (2, for zero and one), and their
powers (octal/8 and hexadecimal/16) are used to
define numbers. On the other hand, prime numbers
(e.g., in RSA encryption, two large, arbitrary prime
numbers are multiplied to generate a semi-prime,
from which a public encryption key is generated)
[22, 23] and other related topics such as integer
factorization [24, 25], congruences [26, 27], and
cryptography [28, 29] are the specific topics that
require integer divisibility in these professions.

In this article, general divisibility proof was
overviewed. Different approaches using other
mathematical topics in the number theory and basic
algebra are presented together and introduced.
Proofs were applied to the given divisibility
problem for all the proposed techniques in order to
show the differences. The main contribution of this
article is that it introduces a different view of proof,
practicing the usability of binomial expansion and
modulo on the same example even though no sign in
the problem considered them. Furthermore, it
presents material to teach divisibility proof in a
discrete math course, which is compulsory to most
of the engineering students, and helps them to get
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rid of the horse glasses when faced with a given
proofing problem in math.

2 Basic Definition of Divisibility

Divisibility refers to a number being evenly
divided by another number without a remainder left
over. The formal definition of divisibility is given in
Definition 1.

Definition 1. If a and b are integers, then a divides b
ifa *x n = b for some integer n. In this case, a is
a factor or a divisor of b.

The notation a | b means "a divides b".
The notation a / b means "a does not divide b".

A special case for divisibility is the prime
numbers. The divisibility of a prime number is
given in Definition 2.

Definition 2. An integer n > 1 is prime if the only
positive divisors of n are 1 and n.

If an integer n, wheren > 1, is not prime, it
is composite. The composite number has at least
two factors. The divisibility of a composite number
is given in Definition 3.

Definition 3. If n is composite, then there are at
least integers a and b, such thatl <a,b<
n,andn=axb.

3 Divisibility Proofing

3.1 Given Problem
A simple divisibility problem was selected for
proofing as follows:

“For n3Z%and n > 1, prove if 5" —1 is
divisible by 4.”

This kind of divisibility problem is generally
asked of the students in a discrete math course.
One of the contributions of this work is to
present teaching material for compulsory
discrete math courses in engineering programs
or for researchers as quick reference notes. The
main course of the article is that binomial
expansion and modulo can be used for
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divisibility extensively. It exemplifies it in a
pure way. The details of the problem can be
expressed as follows:

“It is limited to integer domain, where n between
(0, +oo], and asked if 5™ — 1 is divisible by 4 for all
of n values in that domain.”

3.2 Alternative Proofs

If we consider the problem in the number theory,
the most commonly used proofing technique is the
induction. Technique has three steps: prove the first
value in the domain, select an arbitrary integer such
as k in the interval and have an assumption it is true,
and prove the problem for k+1. It presents a
generalization to the infinite numbers in the integer
domain, where exhaustive proof is impossible.
However, the last proofing step can be formed
differently, using algebraic rules. Four different
proofs (the first four) were given in such a way.
Moreover, the problem can be expressed by the
other number theory models, such as using the
modulo operator, which is the best one. The proof 5
shows how to use modulo in such a case.
Approaching the problem with a different
perspective can broaden our horizons and make us
realize that we can benefit from different methods.
The proof 6 is a good example of how to do this.
Binomial expansion was applied to the problem; it
was adapted to the problem and completed.

3.2.1 Proof 1- Using induction (Replacement)
Ifn=1 => 4|5'—1 =44

Ifn=k => 4|5K-1 V (assumption) , for m >
Z* it yields 4*m=5X — 1 using Definition 1.

Ifn=k+1 => 4]|5K1 -1
(Prove step, generalization)
4|5K%5—1 (Power expansion)
4| (4*m+1)*x5-1
(using assumption step of induction)
4| (20*m+5—1) (expansion)
4]|4*(5*m+1) (arrange terms)
414xt v, wheretisassigned to
G*xrm+1)

We can say (4*t) is a composite number using
Definition 3, and the proof is complete as 4 is one
multiplier of this composite number using
Definition 1.
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3.2.2 Proof 2- Using induction (Factorization)
Ifn=1 => 4|51—1 =44
Ifn=k => 4|5%¥—1 v (assumption)

If n=k+1=>4|5k1 -1
(Prove step, generalization)
4|5k+5—-1 (Power expansion)
4|4x55+1x55K-1
(decomposition of multiplication)

Now, two terms in the divided number emerge.
The right part of the addition is the assumption step.
So that it is divisible by 4.

411%55k—1

On the left part of the addition, a composite
number using Definition 3 exists. Proof is complete
as 4 is one multiplier of this composite number
using Definition 1.

4455
3.2.3 Proof 3- Using induction (Use Assumption)
Ifn=1 => 4|5'—1 =44 V

Ifn=k => 4|5K—1 (assumption)
If n=k+1=>4 | 5¥*1 — 1 (Prove step, generalization)
5k -1 | 5k+1 -1
(assumption is used for division proof, get rid of 4)
5k—1]5x(55%-1)+4
(rearrange terms)

Now, two terms in the divided number emerge.
On the left part of the addition, a composite number
using Definition 3 exists. Divisibility of these terms
is complete, because of 55 — 1 is one multiplier of
this composite number using Definition 1.

5Kk—1|5%(5k—1)

On the other hand, the term on the right is a
constant, 4. We know that n > 1 is given, so that it is
a remainder. Which is equal to 4, which means it is
divisible by 4. Proof is now complete.

3.2.4 Proof 4- Using induction (Equal Algebra)

Ifn=1 => 4|5'—1 =44
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Ifn=k => 4|5k—-1 (assumption)

If n=k+1=>4 | 5K+1 — 1
(Prove step, generalization)
4]|5x55K—1 (Power expansion)
4|5%5K—(5—-4)
(equal algebra expression)
4|5+«(5—1)+4
(rearrange terms; distribution law)

Now, two terms in the divided number emerge.
On the left part of the addition, a composite number
using Definition 3 exists. Divisibility of these terms
is complete, because of 5K — 1 is one multiplier of
this composite number using Definition 1.

41 5%GBk—1)

On the other hand, the term on the right is a
constant, 4. We know that n > 1 is given, so that it is
a remainder. Which is equal to 4, which means it is
divisible by 4. Proof is now complete.

3.2.5 Proof 5- Using induction (Modulo)

Definition 4. If a € Z and d € Z +, then there are
unique integers q and r, with 0 <r <d, such that

a=d*q+r.
Where d is called the divisor, a is called the
dividend, q is called the quotient, and r is called the

remainder.

Then remainder r can be expressed using modulo
operator;

amodd=r

where r is non-negative and less than the divisor d.

We know there is a relationship between
divisibility and modulo operators. Convert the
problem into the modulo expression in proof using
Definition 4 and then apply the induction.

Ifn=1 => (5' —=1)mod4=0 =>4mod4=0 v
Ifn=k => (5X—=1)mod4=0 v  (assumption)

Ifn=k+1=> (5¥*1—1)mod4=0
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(Prove step, generalization)
(5¥*5—1)mod4=0

(Power expansion)
(4+5%+1%5—1)mod4=0

(decomposition of multiplication)

Definition 5: Let m be a positive integer.
If a =b (mod m) and ¢ =d (mod m),
thena+ c=b+d (mod m)
Now, two terms in the modulo emerge. The right

part of the addition is the assumption step. So that it
supplies the divisibility, no remainder now.

GX—1)mod4=0
On the left part of the addition, a composite
number using Definition 3 exists. Using Definition
4, we can say that the remainder is zero because 4 is

one multiplier of this composite number using
Definition 1. There is also no remainder.

(4+55modd4=0

Using Definition 5, we can say it is divisible.
Proof is complete.

3.2.6 Proof 6- Binomial Expansion

Definition 6. Binomial expansion of two terms is
expressed as follows:

e+ =cox (X" xy°) + ¢ x (X" yt)
+ ox (X" xyP) 44 oy

* (x%xy™)

Where ¢, coefficient is obtained from the
combination of r and n usingnt'he following formula.
M ICET

We can express the 5" as 4+ 1"

using Definition 6, then it can be expanded as
follows:

A+D"=cpx(A"*1) 4+ ¢+ @1 x1) + ¢,
* (A2 % 12) + -+ Cn
* (4% % 1M)

“For n 3 Z*and n > 1, prove 5" — 1 is divisible

by 4” question is given, then proof expression
would be as follows:
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Is 4| (4 + 1)™ -1 equal to 4*s for some integer
s?

4 lcog*x (A" *19) +c; x (A1) + ¢, *
(A" 251 4+ 4 s (4% 1) -1 V

The last term of the binomial expansion (c, *
(4% = 1™)) is equal to 1. This removes the -1 term.
All the other terms of binomial expansion are
powers of 4 (terms are composite numbers by the
Definition 3; they have a multiplier number which is
a power of 4) without consideration of the multiplier
coefficients c,.’s. This completes divisibility.

4 Conclusion

Divisibility has been an attractive area of proof
to the scientist for many years. They focused on the
attention for small integers (digits) at the beginning.
Solutions generally include some rules to apply in
order to prove divisibility.

Although proof sometimes can be applied for an
interval in case, proof should be generalized in a
domain without looking for a number that destroys
the rule defined more accordingly. Induction is a
commonly used technique for such a purpose where
exhaustive proof is impossible. When it is used, we
feel to obey the generalization rule tightly. This
seems as if it somehow restricts our consideration
without looking for different solutions using other
techniques. Moreover, we sometimes should go
beyond the boundaries to see a different solution in
proof.

In this article, a general divisibility problem is
considered, and different proofs in order to show the
mentioned weakness of proof are applied. Through
the article, six different approaches were applied to
the proof in order to show how to keep up well with
the process. Modulo and one other concept that even
seems unrelated to the solution, binomial expansion,
were also implemented in detail. All of these
examples give a vision to the teachers and
researchers who work on a divisibility problem in
the number theory. Moreover, it would be a good
opportunity to look for alternative solutions when
you teach proof for a math course. Such examples
would help students broaden their horizons.
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