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Abstract: - In this article, a new integral transform is proposed. Properties of Rishi transform are suggested based
on the duality between Rishi transform and the general integral transform. We apply Rishi transform to the
general form of the fractional relaxation oscillation differential equation. Analytic solutions of some specific
applications are found to demonstrate the effectiveness of this novel integral transform.
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1 Introduction

Fractional calculus has gained widespread adoption
and is now recognized as an indispensable instrument
in understanding and assessing phenomena across
numerous fields, making it a thriving hub for
mathematicians and scientists to explore their
research [1-3]. Nowadays, researchers are paying
attention to  fractional  differential  equations
(FDEs) due to their ability to provide profound
insights into real-world phenomena across different
fields [4-6]. The fractional relaxation—oscillation
equation is considered one of the most important
differential equations according to its applications in
many fields [7,8]. Diverse methodologies such as
collocation scheme [9], residual power series method
[10], Generalized Taylor matrix method [11], optimal
homotopy asymptotic method [12], Elzaki
decomposition method [13] have been employed to
solve the fractional relaxation-oscillation equations.
Integral transform has the power to solve many
applications in Engineering, Science, and many other
fields. Employing integral transformation can
simplify a complex problem into a more manageable
one. The value of integral transforms is by
transforming differential equations into algebraic
ones. Numerous integral transforms in diverse
scientific domains have been suggested, examined,
and demonstrated to be effective in resolving
fractional differential equations such as Laplace
transform [14], Sumudu transform [15], Elazaki
transform [13,16], Shehu transform [17], ARA
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transform [18]. The General integral transform [19],
is a new integral transform where many integral
transforms can be written as a special case of this new
integral transform. More properties and applications
of this integral transform can be found in[20]. A
newly developed integral transform called Rishi
transform has been presented and proposed by
Kumar in [21] where principal properties and inverse
were presented. Rishi transform was effectively used
to solve the first-kind and second-kind linear Volterra
integral equations [21-23], nonlinear first-kind
Volterra integral equations in [24], nonlinear second-
kind Volterra integral equations in [25], fractional
order differential equations [26]. the model of the
bacteria growth [27]. This paper aims to find the
solution of some fractional relaxation oscillation
differential equations. The duality between the
general integral transform and Rishi transform is
established. Using this duality, several features of
Rishi transform were discovered.

This paper is arranged as follows. In section 2 some
basic definitions of fractional Calculus with
definitions and properties of the general integral
transform were introduced. In section 3 the definition
and properties of Rishi transform. In section 4, The
fractional relaxation oscillation differential equations
were described and we applied them generally by
Rishi transform. In section 5, Some numerical
applications were successfully proved using Rishi
transform.
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2 preliminaries

Definition 2.1

The Riemann-Liouville fractional integral of order
a>0ofa function u(t),t > 0 is defined by
[“u(t) = @ )f (t—1)* tu(r)dr
Definition 2.2

The Caputo fractional derivative of order & > 0 of a
function u(t), t > 0 is defined by

D%u(t) = f (t—o)"* 1u™(n)dr (2)
Definition 2.3

The Mittag-Leffler function Ej g(t), where @, €
R* is defined by

(M

o t*
Eqp(t) = Xio T@k+p) 3)

The Mittag-Leffler function with one parameter is
k

Eo(8) = Eqa(®) = S0ty @

It follows that Eq 4 (¢) = e.

A new general integral transform has been introduced

in [19] where many integral transforms can be written

as a special case of this general integral transform.

Definition 2.4

The General integral Transform of the integrable

function u(t),t =0, with p(s)#0,q(s) are

positive real functions is defined by

T{u(®)} = J, p(sHu()e 19t = T,(s) (5)
The general integral transform of some functions
is listed in Table 1.

Table 1: General integral transform of some
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10) | I%u(t), n—

l1<a<n

T.(s)

1
q%(s)

3 Rishi Transform

Rishi transform is a new integral transform that
provides exact solutions to problems without

requiring time-consuming computations.
Definition 3.1

Ifu(t),t = 0is a piecewise continuous function with
exponential order, then the Rishi transform of u(t) is

defined by

R@u(D)} = Ry (s,0) =

o (o0 _St

Efo u(t)es'dt, s>0,06>0

The duality between Rishi transform and Laplace

transform is as follows
If L{u(t)} = fooou(t)e‘“’tdt = U(s) is the Laplace

transform of a piecewise continuous function
u(t), t = 0, then we have the relation between Rishi

R,(s,0) =

transform and Laplace transform is

%U(g).

The duality between Rishi transform and the General

integral transform is as follows

Depending on the definition of the general integral
transform in the equation (5). We can find the
relationship between Rishi transform and the general

integral transform by letting p(s) = % and q(s) = %

. Using Table 1 we can conclude Rishi transform for

some fundamental functions as shown in Table 2.

Table 2: Rishi transform for some basic

functions functions
u(t) T,(s) = T{u(t)} u(t) R{u(t)} = Ry(s,0)
1) 1 p(s) 1) 1 a?
a(s) P
a a+2
2) t* “;%?g;s) a>0 2) t I _T(a+1), a>0
3) sinct cp(s) 3) sinct ca?
() +c? vy

4) cosct p(s)q(s) 4) cosct o?

q?(s) +c? (s? +c?0?)
5) sinhct cp(s) 5) sinhct co3

q*(s) — c? s(s? — c?0?)
6) coshct p(s)q(s) 6) coshct o?

q*(s) — c? (s? —c?d?)
7) | tF71Eq p(ct®), p(s)q“(s)

a,f €R* “+B (s) — cqP(s) The following are the characteristics of Rishi
8) | ug(t) *ua(t) transform for linearity and convolution.
—— T, (5). 73, (s) o
( ) Property 1. (The linearity property)
9) | Du(t), q% ()T (s) — If R{u; ()} = Ry, (5,0) , R{up (D} = Ry, (s,0) ,
n—1<a<n|p@)Ir=L, g% 1*u®(0) where ¢;,c, € R, then
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Rfciui (8) + coup ()} = ¢ Ry, (5,0) +

C2 8{uz (S' O-) (7)
Property 2. (The convolution property)

If R{uy ()} = Ry, (5,0) and R{uz ()} = Ry, (5,0)
, then

R{uy (t) * up(8)} = Z Ry, (5,0). Ry, (5,0).  (8)

The convolution property in Table 1 and the
relationship between the general integral transform
and the Rishi transform can be used to illustrate
Property 2.

The Rishi transform for Mittag-Leffler function,
fractional integral, and fractional derivative is
provided by the following theorems.

Theorem 3.2

a-1,6+1
If @, p € R*, then R{tF~1E, p(ct®)} = —S;B_‘ZU%B.
Proof:

The general integral transform for the Mittag-Leffler
function is shown in table 1 as follows

-1 _ _ p(9)9%)
T{tB Ea,ﬁ (Cta)} - qa+ﬁ(s)_cqﬁ(s)
Put p(s) = % and q(s) = % , we get the Rishi
transform of the Mittag-Leffler function will be

a s%
i

a+B sB
s —c=
o _arg (0‘) B

o s o™ a1 oft

s "o "satB_coash ‘satB_cgash

Using the definition of Mittag-Leffler function in
equation (4), we conclude the following Lemma.

Lemma 3.3
If @ € R, then R{E,(ct*)} =

Theorem 3.4
If @ > 0, then the Rishi transform of the fractional
Riemann-Liouville integral is
R{I%u(t)} = Z—a‘ﬁu(& o).
Proof:
The definition of the general integral transform of the
fractional Riemann-Liouville integral in Table 1 is
1
T u®) = 5 (),
Our conclusion is derived easily from the relationship
between the general integral transform and Rishi

R{tP71E, g(ct™)} =

-2

s“ ca“ '

transform by inserting g(s) == .

g
Theorem 3.5
If n—1<a<n, n€Zt then the Rishi transform
of the Caputo fractional derivative is

R{D*u(t)} = —‘ﬁ (s,0) — XLy =
Proof:

The general integral transform for the Caputo
fractional derivative is displayed in table 1 as follows

ll

u(k) 9)

g%—k-2
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T(D*u(t)) = q*(s)Tu(s) —
p(s) Ti=Zoq*tFu(0)

Once we solve q(s) = 5 , we have our answer.
4 The fractional

Rishi Transform.

The model for fractional relaxation-oscillation can be

described as follows
D%u(t) —cu(t) =g(t), t>0
where c is a positive constant.

When 0 < a < 1, equation (10) with the condition
u(0) = u, represents the relaxation with the power
law attenuation. For 1 < a < 2, equation (10) with
the conditions u(0) = uy, u'(0) = u; describe the
damped oscillation with the viscoelastic intrinsic
When 0 < a < 2, the
model is called the fractional relaxation-oscillation

damping of the oscillator.

equation.

Consider the fractional relaxation differential
equation

D*u—cu=g(t), 0<ac<l.

With initial conditionu(0) = u,.

By applying Rishi transform to equation (11), we get

R(Du — cu) = R(g(V)

Using theorem 3.5 and applying the inverse of Rishi

transform, we have
R(s,0) = Ug—— - ca“ " R(g () ==

g2s%

s¢—co®

o+ SR(GO)RA B (ct®))

s*—co®

solution

u(t) = upEe(ct®)) + g(t) » t*7 Egq(ct®)

If g(t) = 0, then the solution of equation (11) is
u(t) = ugE,(ct®).

Consider the fractional oscillation differential
equation

D*u—cu=g(t), I<a<?2.

With initial conditions u(0) = uy,u’(0) = uy .

Apply Rishi transform to equation (14) we get
0.2 Sa—z 0.3 Sa—3
R(s,0) = u, T

R(9(O) oz -
By taking the inverse Rishi transform, we get

u(t) = ugEq 1 (ct®) + ustEy 5 (ct®) + g(t) *
t*1Ey o (ct)

u
—co? lga _ cga

If g(t) = 0, then the solution of equation (14 ) is
u(t) = ugEy1(ct®) + ustE, ,(ct%)
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5 Analytical applicatons

In this section, analytical applications are applied to
explain the utility of Rishi transform and find the
exact analytical solution on some fractional
relaxation-oscillation differential equations.
Application 1:

If we have the initial value problem,
Du+u=0,u(0)=1. (17)
Then according to equation (13), the solution of
equation (17) is u(t) = Eys(—t%%)

An identical solution is notified in [9-12, 26].
Application 2:

Consider the initial value problem
Du+u=t,u0)=1 . (18)
According to equation (12), the Rishi transform of
equation (18) is

R(s,0) = o? §054505 | ¢34505425
Using theorem 3.2 we get the solution of equation
(18) will be
u(t) = Egs(—t*®) + t"9Eg 5, 5(—t*%)
A similar solution is considered in [29].
Application 3:
Consider the initial value problem
D®u—u=1,u(0)=0 .
Apply Rishi transform we have

S_O‘SO'Z‘S
R(s,0) = G oses
Take the Rishi transform and apply Theorem 3.2 we
have the solution
u(t) = t*5Ey515(t%°)
An identical solution is considered in [9, 31].
Application 4:
Consider the initial value problem
DY@ u+u=0,u(0)=1,u'(0)=1.
By applying equation (16), the solution will be
u(t) = Ey51(—t') + tEy5,(—t°)
The same solution is found in [19, 26, 30].
Application 5:
For the initial value problem
DMSu+3u =363+ ——t15

[(1.5)
u(0)=u'(0)=0
Apply Rishi transform on equation (21) we get

5 3.5
R(s,0) = (18‘5’—5+ 6

o ) ols
535 ) 5154315

S—1.5 5—0.50.3.5

(19)

(20)

(21)

This is equivalent to

R(s,0) = 6 :—_:

By taking the inverse of the Rishi transform, we get
the exact solution u(t) = t3, which is identical to the
solution found in [29].
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6 Conclusion

This work has successfully proposed a new integral
transform called the "Rishi Transform" and has found
the precise answer for some applications of the
fractional relaxation oscillation differential equation.
Fundamental properties of Rishi transform are
presented, along with the duality between Rishi
transform and general integral transform.
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