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1 Introduction 
Fractional calculus has gained widespread adoption 

and is now recognized as an indispensable instrument 

in understanding and assessing phenomena across 

numerous fields, making it a thriving hub for 

mathematicians and scientists to explore their 

research [1-3]. Nowadays, researchers are paying 

attention to fractional differential equations 

(FDEs) due to their ability to provide profound 

insights into real-world phenomena across different 

fields [4-6]. The fractional relaxation–oscillation 

equation is considered one of the most important 

differential equations according to its applications in 

many fields [7,8]. Diverse methodologies such as 

collocation scheme [9], residual power series method 

[10], Generalized Taylor matrix method [11], optimal 

homotopy asymptotic method [12], Elzaki 

decomposition method [13] have been employed to 

solve the fractional relaxation-oscillation equations. 

Integral transform has the power to solve many 

applications in Engineering, Science, and many other 

fields. Employing integral transformation can 

simplify a complex problem into a more manageable 

one. The value of integral transforms is by 

transforming differential equations into algebraic 

ones. Numerous integral transforms in diverse 

scientific domains have been suggested, examined, 

and demonstrated to be effective in resolving 

fractional differential equations such as Laplace 

transform [14], Sumudu transform [15], Elazaki 

transform [13,16], Shehu transform [17], ARA 

transform [18]. The General integral transform [19], 

is a new integral transform where many integral 

transforms can be written as a special case of this new 

integral transform.  More properties and applications 

of this integral transform can be found in[20].  A 

newly developed integral transform called Rishi 

transform has been presented and proposed by 

Kumar in [21] where principal properties and inverse 

were presented. Rishi transform was effectively used 

to solve the first-kind and second-kind linear Volterra 

integral equations [21-23], nonlinear first-kind 

Volterra integral equations in [24], nonlinear second-

kind Volterra integral equations in [25], fractional 

order differential equations [26]. the model of the 

bacteria growth [27]. This paper aims to find the 

solution of some fractional relaxation oscillation 

differential equations. The duality between the 

general integral transform and Rishi transform is 

established. Using this duality, several features of 

Rishi transform were discovered.  

This paper is arranged as follows. In section 2 some 

basic definitions of fractional Calculus with 

definitions and properties of the general integral 

transform were introduced. In section 3 the definition 

and properties of Rishi transform. In section 4, The 

fractional relaxation oscillation differential equations 

were described and we applied them generally by 

Rishi transform. In section 5, Some numerical 

applications were successfully proved using Rishi 

transform. 
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2 preliminaries 
Definition 2.1  
The Riemann-Liouville fractional integral of order 

𝛼 > 0 of a function 𝑢(𝑡), 𝑡 > 0 is defined by  

 𝐼𝛼𝑢(𝑡) =
1

Γ(𝛼)
∫ (𝑡 − 𝜏)𝛼−1𝑡

0
𝑢(𝜏)𝑑𝜏                     (1) 

Definition 2.2 
The Caputo fractional derivative of order 𝛼 > 0 of a 

function 𝑢(𝑡), 𝑡 > 0 is defined by 

𝑫𝜶𝒖(𝒕) =
𝟏

𝚪(𝒏−𝜶)
∫ (𝒕 − 𝝉)𝒏−𝜶−𝟏𝒕

𝟎
𝒖(𝒏)(𝝉)𝒅𝝉   (2) 

Definition 2.3  
The Mittag-Leffler function 𝐸𝛼,𝛽(𝑡), where 𝛼, 𝛽 ∈

ℝ+ is defined by 

𝑬𝜶,𝜷(𝒕) = ∑
𝒕𝒌

𝚪(𝜶𝒌+𝜷)

∞
𝒌=𝟎                                     (3) 

The Mittag-Leffler function with one parameter is  

𝑬𝜶(𝒕) = 𝑬𝜶,𝟏(𝒕) = ∑
𝒕𝒌

𝜞(𝜶𝒌+𝟏)

∞
𝒌=𝟎                         (4) 

It follows that 𝑬𝟏,𝟏(𝒕) = 𝒆𝒕. 

A new general integral transform has been introduced 

in [19] where many integral transforms can be written 

as a special case of this general integral transform.  

Definition 2.4  
The General integral Transform of the integrable 

function 𝑢(𝑡), 𝑡 ≥ 0, with 𝑝(𝑠) ≠ 0, 𝑞(𝑠) are 

positive real functions is defined by 

𝑇{𝑢(𝑡)} = ∫ 𝑝(𝑠)𝑢(𝑡)𝑒−𝑞(𝑠)𝑡𝑑𝑡
∞

0
= 𝒯𝑢(𝑠)     (5) 

The general integral transform of some functions 

is listed in Table 1. 

Table 1: General integral transform of some 

functions 
 𝑢(𝑡) 𝒯𝑢(𝑠) = 𝑇{𝑢(𝑡)} 

1) 1 𝑝(𝑠)

𝑞(𝑠)
  

2) 𝑡𝛼  𝛤(𝛼+1)𝑝(𝑠)

𝑞𝛼+1(𝑠)
,   𝛼 > 0  

3) 𝑠𝑖𝑛𝑐𝑡   𝑐𝑝(𝑠)

𝑞2(𝑠)+𝑐2  

4) 𝑐𝑜𝑠𝑐𝑡 𝑝(𝑠)𝑞(𝑠)

𝑞2(𝑠) + 𝑐2
 

5) 𝑠𝑖𝑛ℎ𝑐𝑡 𝑐𝑝(𝑠)

𝑞2(𝑠) − 𝑐2
 

6) 𝑐𝑜𝑠ℎ𝑐𝑡 𝑝(𝑠)𝑞(𝑠)

𝑞2(𝑠) − 𝑐2
 

7) 𝑡𝛽−1𝐸𝛼,𝛽(𝑐𝑡𝛼), 

 𝛼, 𝛽 ∈ ℝ+  

𝑝(𝑠)𝑞𝛼(𝑠)

𝑞𝛼+𝛽(𝑠) − 𝑐𝑞𝛽(𝑠)
 

8) 𝑢1(𝑡) ∗ 𝑢2(𝑡) 1

𝑝(𝑠)
𝒯𝑢1

(𝑠). 𝒯𝑢2
(𝑠) 

9) 𝐷𝛼𝑢(𝑡) ,    
𝑛 − 1 < 𝛼 ≤ 𝑛 

𝑞𝛼(𝑠)𝒯𝑢(𝑠) −
𝑝(𝑠) ∑ 𝑞𝛼−1−𝑘𝑢(𝑘)(0)𝑛−1

𝑘−=0   

10) 𝐼𝛼𝑢(𝑡),   𝑛 −
1 < 𝛼 ≤ 𝑛 

1

𝑞𝛼(𝑠)
𝒯𝑢(𝑠) 

 

 

3 Rishi Transform 
Rishi transform is a new integral transform that 

provides exact solutions to problems without 

requiring time-consuming computations. 

Definition 3.1 
If 𝑢(𝑡), 𝑡 ≥ 0 is a piecewise continuous function with 

exponential order, then the Rishi transform of 𝑢(𝑡) is 

defined by  

𝑅{𝑢(𝑡)} = ℜ𝑢(𝑠, 𝜎) = 
𝜎

𝑠
∫ 𝑢(𝑡)𝑒

−𝑠

𝜎
𝑡𝑑𝑡,   𝑠 > 0, 𝜎 > 0

∞

0
                             (6)  

 The duality between Rishi transform and Laplace 

transform is as follows 

If  𝐿{𝑢(𝑡)} = ∫ 𝑢(𝑡)𝑒−𝜔𝑡𝑑𝑡 = 𝑈(𝑠)  
∞

0
is the Laplace 

transform of a piecewise continuous function 

𝑢(𝑡), 𝑡 ≥ 0 , then we have the relation between Rishi 

transform and Laplace transform is  ℜ𝑢(𝑠, 𝜎) =
𝜎

𝑠
𝑈(

𝑠

𝜎
). 

The duality between Rishi transform and the General 

integral transform is as follows 

Depending on the definition of the general integral 

transform in the equation (5). We can find the 

relationship between Rishi transform and the general 

integral transform by letting  𝑝(𝑠) =
𝜎

𝑠
 and 𝑞(𝑠) =

𝑠

𝜎
 

. Using Table 1 we can conclude Rishi transform for 

some fundamental functions as shown in Table 2. 

Table 2: Rishi transform for some basic 

functions 

 𝑢(𝑡) 𝑅{𝑢(𝑡)} = ℜ𝑢(𝑠, 𝜎) 

1) 1 𝜎2

𝑠2    

2) 𝑡𝛼  𝜎𝛼+2

𝑠𝛼+2 Γ(𝛼 + 1),   𝛼 > 0  

3) 𝑠𝑖𝑛𝑐𝑡   𝑐𝜎3

𝑠(𝑠2+𝑐2𝜎2)
  

4) 𝑐𝑜𝑠𝑐𝑡 𝜎2

(𝑠2 + 𝑐2𝜎2)
 

5) 𝑠𝑖𝑛ℎ𝑐𝑡 𝑐𝜎3

𝑠(𝑠2 − 𝑐2𝜎2)
 

6) 𝑐𝑜𝑠ℎ𝑐𝑡 𝜎2

(𝑠2 − 𝑐2𝜎2)
 

 
The following are the characteristics of Rishi 

transform for linearity and convolution. 

Property 1. (The linearity property) 
If  𝑅{𝑢1(𝑡)} = ℜ𝑢1

(𝑠, 𝜎) , 𝑅{𝑢2(𝑡)} = ℜ𝑢2
(𝑠, 𝜎) , 

where  𝑐1, 𝑐2 ∈ ℝ , then 
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 𝑅{𝑐1𝑢1(𝑡) + 𝑐2𝑢2(𝑡)} = 𝑐1ℜ𝑢1
(𝑠, 𝜎) +

𝑐2ℜ𝑢2
(𝑠, 𝜎)                                                                       (7)  

Property 2. (The convolution property) 
If 𝑅{𝑢1(𝑡)} = ℜ𝑢1

(𝑠, 𝜎) and 𝑅{𝑢2(𝑡)} = ℜ𝑢2
(𝑠, 𝜎)   

, then 

 𝑅{𝑢1(𝑡) ∗ 𝑢2(𝑡)} =
𝑠

𝜎
ℜ𝑢1

(𝑠, 𝜎). ℜ𝑢2
(𝑠, 𝜎).          (8) 

The convolution property in Table 1 and the 

relationship between the general integral transform 

and the Rishi transform can be used to illustrate 

Property 2. 

The Rishi transform for Mittag-Leffler function, 

fractional integral, and fractional derivative is 

provided by the following theorems. 

Theorem 3.2 

If  𝛼, 𝛽 ∈ ℝ+, then  𝑅{𝑡𝛽−1𝐸𝛼,𝛽(𝑐𝑡𝛼)} =
𝑠𝛼−1𝜎𝛽+1

𝑠𝛼+𝛽−𝑐𝜎𝛼𝑠𝛽.  

Proof: 
The general integral transform for the Mittag-Leffler 

function is shown in table 1 as follows 

𝑇{𝑡𝛽−1𝐸𝛼,𝛽(𝑐𝑡𝛼)} =
𝑝(𝑠)𝑞𝛼(𝑠)

𝑞𝛼+𝛽(𝑠)−𝑐𝑞𝛽(𝑠)
  

Put  𝑝(𝑠) =
𝜎

𝑠
 and 𝑞(𝑠) =

𝑠

𝜎
 , we get the Rishi 

transform of the Mittag-Leffler function will be 

𝑅{𝑡𝛽−1𝐸𝛼,𝛽(𝑐𝑡𝛼)} =
𝜎

𝑠
  .  

𝑠𝛼

𝜎𝛼

(
𝑠

𝜎
 )

𝛼+𝛽
−𝑐

𝑠𝛽

𝜎𝛽

  

=
𝜎

𝑠
 .

𝑠𝛼

𝜎𝛼  .
𝜎𝛼+𝛽

𝑠𝛼+𝛽−𝑐𝜎𝛼𝑠𝛽 = 𝑠𝛼−1.
𝜎𝛽+1

𝑠𝛼+𝛽−𝑐𝜎𝛼𝑠𝛽 .   

Using the definition of Mittag-Leffler function in 

equation (4), we conclude the following Lemma. 

Lemma 3.3 

If  𝛼 ∈ ℝ+, then  𝑅{𝐸𝛼(𝑐𝑡𝛼)} =
𝜎2𝑠𝛼−2

𝑠𝛼−𝑐𝜎𝛼 . 

Theorem 3.4 
If 𝛼 > 0, then the Rishi transform of the fractional 

Riemann-Liouville integral is 

𝑅{𝐼𝛼𝑢(𝑡)} =
𝜎𝛼

𝑠𝛼 ℜ𝑢(𝑠, 𝜎).  

Proof: 
The definition of the general integral transform of the 

fractional Riemann-Liouville integral in Table 1 is 

𝑇(𝐼𝛼𝑢(𝑡)) =
1

𝑞𝛼(𝑠)
𝒯𝑢(𝑠) ,  

Our conclusion is derived easily from the relationship 

between the general integral transform and Rishi 

transform by inserting  𝑞(𝑠) =
𝑠

𝜎
 . 

Theorem 3.5 
If  𝑛 − 1 < 𝛼 ≤ 𝑛,   𝑛 ∈ Ζ+ ,then the Rishi transform 

of the Caputo fractional derivative is 

𝑅{𝐷𝛼𝑢(𝑡)} =
𝑠𝛼

𝜎𝛼 ℜ𝑢(𝑠, 𝜎) − ∑
𝑠𝛼−𝑘−2

𝜎𝛼−𝑘−2
𝑛−1
𝑘−=0 𝑢(𝑘)  (9) 

Proof: 
The general integral transform for the Caputo 

fractional derivative is displayed in table 1 as follows 

𝑇(𝐷𝛼𝑢(𝑡)) = 𝑞𝛼(𝑠)𝒯𝑢(𝑠) −

𝑝(𝑠) ∑ 𝑞𝛼−1−𝑘𝑢(𝑘)(0)𝑛−1
𝑘−=0   

Once we solve  𝑞(𝑠) =
𝑠

𝜎
 , we have our answer. 

 

4 The fractional Relaxation 

Oscillation Differential Equation with 

Rishi Transform. 
The model for fractional relaxation-oscillation can be 

described as follows 

𝐷𝛼𝑢(𝑡) − 𝑐𝑢(𝑡) = 𝑔(𝑡), 𝑡 > 0                           (10)  

where c is a positive constant. 
𝑊ℎ𝑒𝑛 0 < 𝛼 ≤ 1, equation (10) with the condition 

𝑢(0) = 𝑢0 represents the relaxation with the power 

law attenuation.  𝐹𝑜𝑟 1 < 𝛼 ≤ 2, equation (10) with 

the conditions 𝑢(0) = 𝑢0 ,   𝑢′(0) = 𝑢1  describe the 

damped oscillation with the viscoelastic intrinsic 

damping of the oscillator.   𝑊ℎ𝑒𝑛  0 < 𝛼 ≤ 2, the 

model is called the fractional relaxation-oscillation 

equation. 

Consider the fractional relaxation differential 

equation 

𝐷𝛼𝑢 − 𝑐𝑢 = 𝑔(𝑡)  ,    0 < 𝛼 ≤ 1.                       (11) 

With initial condition𝑢(0) = 𝑢0. 

By applying Rishi transform to equation (11), we get  

ℜ(𝐷𝛼𝑢 − 𝑐𝑢) = ℜ(𝑔(𝑡))  

      Using theorem 3.5 and applying the inverse of Rishi 

transform, we have  

ℜ(𝑠, 𝜎) = 𝑢0
𝜎2𝑠𝛼−2

𝑠𝛼−𝑐𝜎𝛼 + ℜ(𝑔(𝑡))
𝜎𝛼

𝑠𝛼−𝑐𝜎𝛼  

= 𝑢0
𝜎2𝑠𝛼−2

𝑠𝛼−𝑐𝜎𝛼 +
𝑠

𝜎
ℜ(𝑔(𝑡))𝑅(𝑡𝛼−1𝐸𝛼,𝛼(𝑐𝑡𝛼))      (12) 

Taking the inverse Rishi transform, we have the 

solution  

𝑢(𝑡) = 𝑢0𝐸𝛼(𝑐𝑡𝛼)) + 𝑔(𝑡) ∗ 𝑡𝛼−1𝐸𝛼,𝛼(𝑐𝑡𝛼) 

If 𝑔(𝑡) = 0, then the solution of equation (11) is 

𝑢(𝑡) = 𝑢0𝐸𝛼(𝑐𝑡𝛼).                                              (13) 

Consider the fractional oscillation differential 

equation 

𝐷𝛼𝑢 − 𝑐𝑢 = 𝑔(𝑡)  ,    1< 𝛼 ≤ 2.                        (14) 

With initial conditions  𝑢(0) = 𝑢0 , 𝑢′(0) = 𝑢1 . 
Apply Rishi transform to equation (14) we get 

ℜ(𝑠, 𝜎) = 𝑢0

𝜎2𝑠𝛼−2

𝑠𝛼 − 𝑐𝜎𝛼
+ 𝑢1

𝜎3𝑠𝛼−3

𝑠𝛼 − 𝑐𝜎𝛼
+ 

ℜ(𝑔(𝑡))
𝜎𝛼

𝑠𝛼−𝑐𝜎𝛼  .                                                                (15) 

By taking the inverse Rishi transform, we get 

𝑢(𝑡) = 𝑢0𝐸𝛼,1(𝑐𝑡𝛼) + 𝑢1𝑡𝐸𝛼,2(𝑐𝑡𝛼) + 𝑔(𝑡) ∗

𝑡𝛼−1𝐸𝛼,𝛼(𝑐𝑡𝛼)  

If 𝑔(𝑡) = 0, then the solution of equation (14 ) is 

𝑢(𝑡) = 𝑢0𝐸𝛼,1(𝑐𝑡𝛼) + 𝑢1𝑡𝐸𝛼,2(𝑐𝑡𝛼)                   (16) 
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5 Analytical applicatons 
In this section, analytical applications are applied to 

explain the utility of Rishi transform and find the 

exact analytical solution on some fractional 

relaxation-oscillation differential equations.   
Application 1: 
If we have the initial value problem, 

𝐷0.5𝑢 + 𝑢 = 0  , 𝑢(0) = 1.                                     (17) 
Then according to equation (13), the solution of 

equation (17) is  𝑢(𝑡) = 𝐸0.5(−𝑡0.5) 

An identical solution is notified in [9-12, 26]. 

Application 2: 
Consider the initial value problem 

𝐷0.5𝑢 + 𝑢 = 𝑡  , 𝑢(0) = 1   .                                   (18) 
According to equation (12), the Rishi transform of 

equation (18) is  

ℜ(𝑠, 𝜎) = 𝜎2 𝑠−1.5

𝑠0.5+𝜎0.5 +
𝑠−0.5𝜎3.5

𝑠3+𝜎0.5𝑠2.5  

Using theorem 3.2 we get the solution of equation 

(18) will be 

𝑢(𝑡) = 𝐸0.5(−𝑡0.5) + 𝑡1.5𝐸0.5,2.5(−𝑡0.5)  

A similar solution is considered in [29]. 

Application 3: 
Consider the initial value problem 

𝐷0.5𝑢 − 𝑢 = 1  , 𝑢(0) = 0   .                                    (19) 
Apply Rishi transform we have 

ℜ(𝑠, 𝜎) =
𝑠−0.5𝜎2.5

𝑠2−𝜎0.5𝑠1.5  

Take the Rishi transform and apply Theorem 3.2 we 

have the solution 
𝑢(𝑡) = 𝑡0.5𝐸0.5,1.5(𝑡0.5)  
 An identical solution is considered in [9, 31]. 

Application 4: 
Consider the initial value problem  

𝐷1.5𝑢 + 𝑢 = 0  , 𝑢(0) = 1 , 𝑢′(0) = 1.              (20) 
By applying equation (16), the solution will be  

𝑢(𝑡) =  𝐸1.5,1(−𝑡1.5) + 𝑡𝐸1.5,2(−𝑡1,5)  

 The same solution is found in [19, 26, 30]. 

Application 5: 
For the initial value problem  

𝐷1.5𝑢 + 3𝑢 = 3𝑡3 +
4

Γ(1.5)
𝑡1.5  ,  

𝑢(0) = 𝑢′(0) = 0                                                  (21) 
Apply Rishi transform on equation (21) we get 

ℜ(𝑠, 𝜎) =  (18
𝜎5

𝑠5 + 6
𝜎3.5

𝑠3.5 )
𝜎1.5

𝑠1.5+3𝜎1.5  

This is equivalent to 

ℜ(𝑠, 𝜎) =  6
𝜎5

𝑠5   

By taking the inverse of the Rishi transform, we get 

the exact solution 𝑢(𝑡) = 𝑡3, which is identical to the 
solution found in [29]. 
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6 Conclusion 
This work has successfully proposed a new integral 

transform called the "Rishi Transform" and has found 

the precise answer for some applications of the 

fractional relaxation oscillation differential equation. 

Fundamental properties of Rishi transform are 

presented, along with the duality between Rishi 

transform and general integral transform. 
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