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Abstract: This paper presents a theoretical analysis of the working dynamics of the pendulum-lever oscillatory
system, which its inventor called a two-stage mechanical oscillator [1]. The input of the system is a pendulum,
while the output of the system is a lever that can idle like a hammer or deliver power to a water pump. It is
shown that the transfer of energy from the input to the output of the system represents the damped operating
mode of the parametric oscillator [2]. Namely, the oscillation of the lever moves the pivot point of the
pendulum up and down in such a way that it takes away energy from the pendulum. This way of working is the
opposite of the way a child swings a swing [3]. In this article, the forces acting on the driving pendulum are
presented, and the focus of the paper is on the analysis of the change in centrifugal force as a reaction to the
main component of the tension force in the pendulum rod. Since the tension force of the pendulum transfers its
energy to the lever, it is necessary to prevent the rapid transfer of energy so that the pendulum does not stop,
and on the other hand to ensure that the transferred energy has sufficient power for the lever to perform work.
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1 Introduction transfers it to the lever, it is a damped parametric
The pendulum-lever system, known as a two-stage osc.illator. Since the speed of .the pendul}lm is
mechanical oscillator, was invented by the Serbian variable, as well as the tension force in the
inventor Veljko Milkovic in 1999 [1]. The pendulum rod, the lever does not oscillate
pendulum is the input part of the system that drives harmonically and therefore neither does the
the lever. It is attached to a shorter part of the lever pendulum'’s pivot point. This is why this system is
that can oscillate around its axis. The longer part of inharmonious. The mathematical description of such
the lever is the output part of the system on which a system 1s very comph.cated, o a fiescrlp-tlon of a
there is a counterweight or spring. A water pump pendulum with a fixed pivot point will be given hqre
piston can be attached to the longer part of the lever. first. Then the influence of moving the pivot point
The frequency of the lever is twice the frequency of on the tension force of the peqdulum and its main
the pendulum. When the pendulum is raised to the component, the normal force, V.Vlu be agalyz§d.

initial position and allowed to fall down, it will After. the appearance of this invention, 1t tyrped
develop a sufficiently strong tension force near the out that it was very easy to pump water with it if a
bottom position, the moment of which will outweigh piston water pump was attached to the output part of
the moment of the weight of the counterweight on the system. Namely, with the piston pump it was
the opposite side of the lever. Then the opposite side very difficult to pump water while it was wor'kmg
of the lever will go up and the pendulum will go alone, due t.o the high fpctlon between the -pIStOIl
down. When the pendulum bob goes to the opposite and the cylinder. Once installed on the oscillator,
side, the counterweight will return its side of the pumping water was easy. Once the pendulum had
lever down, and the pivot point of the pendulum will swung, it could be maintained with the finger of one
return to the upper, starting, position. It means that hand. The other hand was free tq accept the water.
the lever made a full cycle of oscillation while the Therefore, there was great enthusiasm for the use of
pendulum completed only one-half period. Due to this system. An additional argument to such
the movement of the pivot point of the pendulum up enthusiasm was 'the opinion that the lever doe.s not
and down this system works as a parametric affect .the operation of the pendulum., because if jthe
oscillator [2]. Since the pendulum loses energy, as it lever is braked the pendulum continues to swing
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freely. This claim has generated much discussions,
questions and doubts [4]. Several international
scientists and scholars have also devoted some of
their time to making and analyzing mathematical
models of oscillators.

It has been shown, however, that the lever affects
the operation of the pendulum, although this was not
obvious to users of the system at first glance. A
lever can speed up the swing of a pendulum, if it is
set in motion at a precise time, at a precisely
determined frequency. Likewise, the lever takes
away energy from the pendulum when performing
work. While the oscillator worked like a hammer,
without consuming energy, the lever hit the stop and
bounced. Due to the elastic collision of the lever and
the limiter, most of the energy remained in the
system and gave a false impression of a large output
work.

2 Two-Stage Mechanical Oscillator
Fig. 1 shows a two-stage mechanical oscillator
without energy consumption, which works like a
hammer. The pendulum in Fig. 1 differs from the
mathematical pendulum in that its pivot point O
moves along the semicircular path of the lever on
which it is suspended. The vertical path of the pivot
point is much longer than the horizontal
displacement, because the lever has a small angle of
displacement in a circular path around point F, so
the horizontal displacement of the pendulum pivot
point will be neglected here.

Position 1
To

£
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<
N
! ;
S A l r
Position 3

Fig. 1

Centripetal force and weight force act on the
pendulum bob in motion. Centripetal force occurs in
curved movements and is directed towards the
center of the curvature of the path of the pendulum.
That is why it is often called the normal force. The
centripetal force and part of the weight force make
up the tension force in the pendulum rod. The force
of weight due to gravity and the force of tension in
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the pendulum rod are the only external forces that
are taken into account in the calculation of the
movement of the pendulum [5]. The strength of the
tension force in the rod of the pendulum is equal to
the centripetal force increased by the influence of
the weight force in that direction. At the bottom
point of the pendulum, in position 3, the strength of
the tension force is exactly equal to the sum of the
centripetal force and weight. The mathematical
calculation of the pendulum can be found in the
book on dynamics [5] or pendulums [6][7], so it will
not be repeated here. In this paper, however, the
term centrifugal force will be used more often,
bearing in mind that it is a reaction to the centripetal
force, which acts on the pivot point of the pendulum
and not on the pendulum bob as a centripetal force.

The formula for centripetal and centrifugal force
is:

F.= (1)

where r is the radius of the curvature of the path,
which is equal to the distance of the body from the
center only in the case of circular paths. The radius
of curvature increases when the pendulum's pivot
point is allowed to move downwards, and this
weakens the centrifugal force. Centrifugal force
weakens not only due to the increase in the radius of
curvature I, but also due to the decrease in the speed
of the pendulum v.

The pendulum with a fixed pivot point will be
analyzed first in order to clarify the behavior of the
pendulum when the point of pivot is allowed to
move and do work with the help of a tension force
in the pendulum rod.

2.1 Operation of the Pendulum Drive
Fig. 2 shows a pendulum with a fixed pivot point. It
is designed to be launched from an initial angle of
90 degrees from the vertical line, position 1 or
position 5. In these positions, the pendulum is raised
from the lower position 3 to a height equal to the
length of its rod ro. It then has a potential energy
equal to:

E,=Mgr, 2
When the pendulum is allowed to fall downwards it
loses potential energy but gains speed, thus
converting potential energy into kinetic energy.
In Fig. 2, the tension force is denoted by T, while its
reaction acting on the pivot point is denoted by T'.
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In practice, these are equal forces, so onwards, only
force T will be used.
The formula for the tension force in the rod of
a pendulum with a fixed point of pivot is [5]:
T = Mg (3cos(p) - 2cos (o)) 3)
where @, is the angle of the initial position 1, and ¢
is the angle from the vertical line.
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Fig. 2

It can be seen that the strength of the tension force
T, and its centripetal force component, and therefore
its centrifugal force reaction, do not depend on the
length of the pendulum rod ro, although this length
exists in formula (1). The reason is that the speed of
the pendulum depends on the transformed potential
energy into kinetic energy, and the potential energy
depends on the length of the pendulum rod, so that
quantity is shortened in formula (1). It will be seen
later that moving the pivot point increases the radius
of curvature of the pendulum bob and nevertheless
weakens the centrifugal force.

Since the pivot point can only move vertically,
only the vertical component of the tension force Tr
does work. That component also weakens with
increasing angle ¢, as well as the tension force T
itself. The formula for the vertical component of the
tension force is:

Ty =T cos () = Mg(3cos(p)-2cos(po))cos (p) (4)

Below is a table for forces T and T, depending on
the starting angle @o. The forces were calculated for
angles of zero degrees, 30 degrees and 45 degrees.
For zero degrees (position 3) the forces T and T, are
the same. At zero degrees, one Mg in the tensile
force belongs to gravity, and the rest to the
centrifugal force.
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Table 1
Po 60 90 120 180
T(0),T(0) | 20Mg | 3.0Mg | 4.0Mg | 5.0 Mg
T (30) 1.6 Mg | 2.6 Mg | 3.6 Mg | 4.6 Mg
T+30) 14Mg | 23Mg | 3.1 Mg | 4.0Mg
T (45) 1.1Mg | 2.1 Mg | 3.1 Mg | 4.1 Mg
TH(45) 0.8Mg | 1.5Mg | 22Mg | 29 Mg

Fig. 2 shows the pendulum in position 2. Position 2
represents the angle when force T, becomes strong
enough to overcome the mass m on the left side of
the lever from Fig. 1 and starts to lift it up, that is,
when the pivot point of the pendulum moves
downwards. We called that angle the critical angle.

The force T, rapidly weakens with the increase of
the critical angle, i.e., angle of position 2. If the
pendulum is allowed to overcome the mass m at a
large critical angle, then a very weak tension force
T, will do work in moving the pivot point
downwards. The weak tension force T, will give a
small acceleration to the mass m on the left side of
the lever, so the movement of the pivot point will be
small at first. Therefore, the output work will be
small in the beginning. That work could be useless
if the load, attached to the left side of the lever,
requires more force for its work.

2.2 Centrifugal Force and Angular
Momentum
When a body with circular motion is not acted upon
by a moment of force about the axis of rotation, as
in the case of central forces during the rotations of
the planets around the Sun, then the law of
conservation of angular momentum applies. This
law states that if the distance of the body from the
center of rotation increases, then the speed of the
body decreases proportionally, and vice versa.
Mvoro=Mv r ®)
When the pivot point of the pendulum is lowered,
the radius of the path of the pendulum bob is
extended, and when the pivot point is raised, the
radius decreases. It means that the law of
conservation of angular momentum applies to the
pendulum of the oscillator in the vicinity of position
3. The pendulum then behaves like a parametric
oscillator. Note that the reverse rules apply to the
case when a child swings the swing by rising in the
lower position and lowering in the end positions [3].
It means that the pendulum is slowing down, unlike
the child who is speeding up the swing.

The law of conservation of angular momentum
does not apply to the left and right of the lower
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position 3. On the right side of position 3, the
moment of the force of gravity acts, which adds
speed to the pendulum because it converts potential
energy into kinetic energy. To the left of position 3,
the pendulum climbs up and loses speed as the force
of gravity slows it down by converting kinetic
energy into potential energy.

It can be concluded that there are three different
zones of operation of centrifugal force. One is in the
lower position 3 where the law of conservation of
angular momentum applies. The second zone is
between position 2 and position 3 where the positive
moment of gravity adds speed and reduces the
weakening of centrifugal force. The third zone is
from position 3 to position 4 where the moment of
the weight force subtracts the speed and where the
height of the pendulum bob is kept constant due to
the lowering of the pivot point. There, the
centrifugal force weakens a lot due to the reduced
speed and the flattened path of the pendulum bob.

It is necessary to minimize the weakening of the
centrifugal force due to the lowering of the pivot
point and the extension of the radius of curvature of
the pendulum bob to prevent the pendulum not to
suddenly lose its energy and stop swinging. Then
the energy needed to keep the pendulum swinging
will be easily added to the pendulum.

When the pendulum leaves position 4 and moves
towards position 5 then its speed becomes low, as
does the tension force in the pendulum rod, so the
mass M on the left side of the lever can easily return
the lever to its initial state.

2.3 Minimization of Centrifugal Force
Change

As the pivot point moves downwards, from position
2, the path of the pendulum weight is no longer
circular, but tends to straighten the circle until
position 4, when the weight of the mass on the left
side of the lever overcomes the tension force on the
right side of the lever. It is the same as if the radius
of curvature rp has been extended by 4r, see Fig. 3.
In Fig. 3, the path of the pendulum bob from
position 2 to position 4 is shown by a thick line.
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Fig. A Fig.B Fig.C
Fig. 3
Mathematically, the centrifugal force can be

approximately determined in the vicinity of the
lower position 3.

The new formula for the centrifugal force at the
bottom point is:

Fe=MV2/ (ro + 4r) (6)
The decrease in centrifugal force is also due to the
decrease in the speed of the pendulum. It has
already been said that lowering the pendulum bob at
the bottom point reduces its speed due to the law of
conservation of angular momentum (5). That law is
valid only in the vicinity of the lower point, in
position 3, because there is no moment of force of
the weight Mg in relation to the pivot point O.

The speed in position 3 changes due to the
movement of the pivot point according to the law of
conservation of momentum (5). It is given by the
formula:

r
v=—2=2"
r, +Ar

Vo

(7

where Vo is the speed of the pendulum in the lower
point (position 3) of a pendulum with a fixed pivot
point, that is, before the change in the radius of the
curve of the pendulum bob.

By changing the formula (7) to (6), we get the
formula for the centrifugal force in the lower
position 3, which includes the influence of the
movement of the pivot point in that position.

Fom oo )
‘ (r, +Ar)’

The maximum speed Vo of a pendulum with a fixed
pivot point can be easily found if the initial angle of
the pendulum ¢, i.e., the height of position 1 is
known. If that position had 90 degrees, then the
initial height of the pendulum was ro. In the lower
position 3, all the potential energy of the pendulum
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has turned into kinetic energy, so the expression
applies:

Mg ro =% M vy )
and from here velocity Vo can be found:
Vol =2 o (10)

By changing (10) to (8) the final formula for the
centrifugal force is:

r3
F.=2Mg——>— 11
¢ J (r, +Ar)’ (h
The above formula is derived for an initial angle ¢o
of 90 degrees. For another starting angle ¢o, only the
constant 2' after the equal sign would change, so the
analysis of the formula and the conclusion do not
change.

Since the centrifugal force performs work due to
the movement of the pivot point, and it is equal to
the product of the force and the distance traveled Ar,
in order to make this work as large as possible,
either the centrifugal force or the movement of the
pivot point should be increased. The problem is that
the movement of the pivot point reduces the
centrifugal force with the third degree, but also the
speed of the pendulum and its kinetic energy. It
means that the path of the pivot point should not be
extended lightly.

In a pendulum with a large length ro, the
movement of the pivot point Ar is proportionally
small compared to the length of the pendulum. This
means that the movement of the pivot point will
have a small effect on the reduction of the
centrifugal force due to the increase in the radius of
curvature and the decrease in speed.

Below is a table for pivot point movements Ar of
1 cm,2cm, 3 cm, 5 cm and 10 cm. The term from
formula (11) is calculated for various values of the
pendulum rod length ro.

3

L (12)

pP="—""—"""3

(r, + Ar)

Table 2

ro | 0.25m | 0.5m | 0.75m Im 2m 3m
p(lem) | 0.889 | 0.942 | 0.961 | 0.971 | 0.985 | 0.990
p(2cm) | 0.794 | 0.889 | 0.924 | 0.942 | 0.971 | 0.980
p(3em) | 0.712 | 0.839 | 0.889 | 0.915 | 0.956 | 0.971
p(5em) | 0.578 | 0.751 | 0.824 | 0.864 | 0.929 | 0.951
p(10cm) | 0.364 | 0.578 | 0.687 | 0.751 | 0.864 | 0.906
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Table 2 clearly shows the improvement of the
parameter p at larger lengths of the pendulum rod ro,
and thus the reduction of the negative influence on
the centrifugal force. In order for the weakening of
the centrifugal force to be less than 10%, the length
of the pendulum should be taken where the value of
p is greater than 0.9.

The important thing to make clear is that the
centrifugal force takes the pendulum's kinetic
energy to do its work. In order for this not to happen
too quickly, the movement of the pivot point must
be small, but then the transmitted energy at the
output of the oscillator will also be small. Therefore,
the output energy should be increased by increasing
the mass of the pendulum.

3 Initial Power of the Pendulum

By increasing the length of the pendulum rod, the
oscillation period of the pendulum (15) is reduced,
and thus the lever. Since power is equal to the
product of the tension force and the speed of the
lever, one would think that the power of the
oscillator would weaken if the pendulum rod were
lengthened. It will be proven below that increasing
the length of the pendulum rod increases the initial
power of the pendulum itself, but increasing the
length of the pendulum rod has no effect on the
maximum output energy of the oscillator because
the tension force (3) does not depend on the length
of the pendulum ro for a pendulum with a fixed
pivot point.

By looking at formula (2) again, it can be seen
that the initial energy of the pendulum E, is
proportional to the height of the initial position, and
in the case of a deflection of the pendulum of 90
degrees, it is the same as the length of the pendulum
rod ro.

E,=Mgro (13)
The power will be calculated in the lower position 3
when all the potential energy is converted into
kinetic energy and when the tension force of the
pendulum is at maximum. The time required for the
pendulum to reach the bottom position is one
quarter of the oscillation period i.e., P/4.

Power is defined as the quotient of energy and
time:

W = E, / (P/4) (14)
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Time P is the oscillation period of the pendulum and
for initial angle @, of 90 degrees it is:

P:27r\/£(l+lsin2(90))
g 4

Substituting equations (13) and (15) into (14), the
power in position 3 is equal to:

(15)

W = (8Mg /57) /g T, (16)

This means that although the time of oscillation
increases with the increase of the pendulum length,
the power also increases. The reason is that the
initial potential energy increases proportionally with
the length of the pendulum while the period of
oscillation increases with the square root of the
length of the pendulum. It means that the potential
energy grows faster than the oscillation time.

4 Conclusion

In this paper, it was shown that increasing the length
of the pendulum slows down the oscillation time of
the pendulum-lever system, but still increases the
power of the pendulum itself. However, the power
of the pendulum can be directly transferred to the
output of the oscillator only by increasing the mass
of the pendulum or the initial angle of the
pendulum, because this increases the tension force
in the rod of the pendulum, and it does work on the
lever. Increasing the length of the pendulum rod
does not affect the tension force (3) or the
centripetal force (1) of a pendulum with a fixed
pivot point. However, the movement of the pivot
point still weakens the centripetal force due to the
increase in the radius of the curvature of the
trajectory of the pendulum bob. Therefore, a longer
pendulum length will reduce the impact of that
movement and reduce the sudden loss of pendulum
energy.

The reason for the easy pumping of water using
the pendulum-lever system is twofold. One of the
reasons is the accumulated energy in the pendulum,
which must first be raised to the initial position 1.
However, there is another important reason for the
advantage of oscillators in piston pumps. These
pumps use a vacuum to lift water, so there is a lot of
friction between the piston and the cylinder. It is
known that there is static and dynamic friction.
Static friction is up to two times higher than
dynamic one [8][9]. The pendulum develops a
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centrifugal force so that the total tension force is
several times greater than the weight of the
pendulum. That force will easily overcome the static
friction and move the pump piston. When the piston
moves, the pendulum will lose energy, but further
movement of the piston will be easy because the
dynamic friction is weaker.
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